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The smallest scale of turbulence is the Kolmogorov scale:

η ≡ (ν3/ε)1/4

For ε = 10−2 m2 s−3 and ν = 1.5× 10−5 m2 s−1, η = 0.7 mm.
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• Bridging the LES-DNS gap

• Large-eddy simulation (LES)

• Parcel model

• Linear Eddy Model (LEM)

• One-Dimensional Turbulence (ODT)

• Explicit Mixing Parcel Model (EMPM)

• ClusColl (Clustering and Collision Model)
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• Bridging the LES-DNS gap

• Difficulty depends on process of interest.

• Higher resolution or improved 
conventional parameterization may work 
for some processes.

• For investigating how turbulence affects 
cloud droplet growth, multi-scale 
modeling (super-parameterization) is a 
promising solution.
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Aircraft Measurements of Liquid Water Content
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2 Model Description

In this section we describe ODTLES, an approach for extending the one-dimensional turbulence

model of Kerstein [6] to treat turbulent flow in three-dimensional domains. ODTLES can also be

thought of as a novel LES approach, and we will show how large-scale 3D turbulent motions are

captured by the LES aspects of the model but are strongly coupled to the small-scale turbulent

motions generated by the ODT part of the model.

Before continuing we also note that ODT might be combined with LES in at least two different

ways. One option is to start with the LES equations (derived by spatially averaging the NS equa-

tions), and seek a method for using ODT as a subgrid closure model for these equations. This can

be thought of as a top-down approach, and is denoted LES/ODT. A second option is to begin with

the ODT equations, and then add additional terms so that mutually orthogonal ODT domains might

be coupled together and 3D LES modeling constraints enforced. The ODTLES model described

here follows the latter bottom-up approach.

Figure 1. Illustrative geometry of the ODT and LES subdomains

2.1 Geometry and Numerical Discretization

In ODTLES we discretize our domain of interest in two distinct but interdependent ways. The first

is by a standard set of rectangular control volumes. The second is formed by embedding three,

mutually orthogonal ODT domain arrays within the coarser 3D mesh. This is illustrated in Figure

1 for a simple box-shaped region. Here we see that the overall domain is subdivided into N3
les

uniform LES control volumes, where Nles = 3 is the number of LES-scale subdivisions in each
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• The premise of LES is that only the large 
eddies need to be resolved.

• Why resolve any finer scales? Why resolve 
the finest scales?

• LES is appropriate if the important small-
scale processes can be parameterized. 

• Many cloud processes are subgrid-scale, yet 
can’t (yet) be adequately parameterized.

LES Limitations



• Small-scale finite-rate mixing of clear and 
cloudy air determines evaporative cooling 
rate and affects buoyancy and cloud 
dynamics.

• Small-scale variability of water vapor due to 
entrainment and mixing broadens droplet 
size distribution (DSD) and increases 
droplet collision rates. 

• Small-scale turbulence increases droplet 
collision rates.

Subgrid-scale Cloud Processes



~100 m

Turbulent Mixing





Kelvin-Helmholtz Instability: Re=900 and 1400



LES of passive scalar in a convective boundary layer
(grid size = 20 m)



Mixing Time Scale

τ =

(
d2

ε

)1/3

,

d is entrained blob size, ε is dissipation rate of
turbulence kinetic energy.

For a cumulus cloud, U ∼ 2 m/s, L ∼ 1000 m, so
ε ∼ U3/L = 10−2 m2/s3. For d = 100 m, τ ∼ 100 s.

Classic (instant mixing) parcel model is recovered
when

• Entrained blob size, d→ 0

• Turbulence intensity, ε→∞



6.3 Cloud Liquid Water Content and Entrainment 219

instruments that can reveal the fine structures of
clouds (Figs. 6.10 and 6.11), indicate that adiabatic
cores, if they exist at all, must be quite rare.

Air entrained at the top of a cloud is distributed to
lower levels as follows. When cloud water is evapo-
rated to saturate an entrained parcel of air, the parcel
is cooled. If sufficient evaporation occurs before the
parcel loses its identity by mixing, the parcel will sink,
mixing with more cloudy air as it does so. The sinking
parcel will descend until it runs out of negative buoy-
ancy or loses its identity. Such parcels can descend
several kilometers in a cloud, even in the presence of
substantial updrafts, in which case they are referred to
as penetrative downdrafts. This process is responsible
in part for the “Swiss cheese” distribution of LWC in
cumulus clouds (see Fig. 6.6). Patchiness in the distri-
bution of LWC in a cloud will tend to broaden the
droplet size distribution, since droplets will evaporate
partially or completely in downdrafts and grow again
when they enter updrafts.

Over large areas of the oceans stratocumulus
clouds often form just below a strong temperature
inversion at a height of !0.5–1.5 km, which marks
the top of the marine boundary layer. The tops of the
stratocumulus clouds are cooled by longwave radia-
tion to space, and their bases are warmed by long-
wave radiation from the surface. This differential
heating drives shallow convection in which cold
cloudy air sinks and droplets within it tend to evapo-
rate, while the warm cloudy air rises and the droplets
within it tend to grow. These motions are responsible
in part for the cellular appearance of stratocumulus
clouds (Fig. 6.13).
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Fig. 6.10 High-resolution liquid water content (LWC) meas-
urements (black line) derived from a horizontal pass through
a small cumulus cloud. Note that a small portion of the
cumulus cloud had nearly an adiabatic LWC. This feature dis-
appears when the data are smoothed (blue line) to mimic the
much lower sampling rates that were prevalent in older meas-
urements. [Adapted from Proc. 13th Intern. Conf. on Clouds and
Precipitation, Reno, NV, 2000, p. 105.]
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Fig. 6.11 Blue dots are average liquid water contents (LWC)
measured in traverses of 802 cumulus clouds. Squares are the
largest measured LWC. Note that no adiabatic LWC was
measured beyond !900 m above the cloud base. Cloud base
temperatures varied little for all flights, which permitted this
summary to be constructed with a cloud base normalized to a
height of 0 m. [Adapted from Proc. 13th Intern. Conf. on Clouds
and Precipitation, Reno, NV, 2000, p. 106.]

Entrainment

Rising thermal

Fig. 6.12 Schematic of entrainment of ambient air into a
small cumulus cloud. The thermal (shaded violet region) has
ascended from cloud base. [Adapted from J. Atmos. Sci. 45,
3957 (1988).]
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“Stirred”

Buoyancy vs Mixture Fraction

Mixed





5 m isotropic grid

•Newly entrained thermals tend to follow the dry paths of 
earlier thermals.

•The dry paths become wider.
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Figure 4.10: Radius histories of 30 droplets for f = 0.1 and RHe = 0.219.

To summarize, drier entrained air requires more evaporation to regain saturation and

with that the size distribution is broadened to smaller sizes. The entrainment fraction

has a major effect on the distribution.

Still, we have to ask why is the droplet spectrum broader for these cases than for

the control case? It is obvious that it depends on the mixing process which is also

determined by the mixing and evaporation time scales. For this we will take a closer

look in a later section.

4.2.2 The Effects of Different Dissipation Rates

For a given entrained blob size, the turbulent dissipation rate determines the mixing

rate of the cloudy and clear air segments. The purpose of this section is to examine

the calculated cloud droplet spectral properties as functions of varying dissipation rates

only. The different dissipation rates for this are 10−2(control), 5 x 10−3, 10−4, and

10−6m2s−3. The run for ε = 10−4m2s−3 was conducted with a higher frequency of the
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Figure 4.6: Standard deviation of the droplet radii just before entrainment until homog-
enization for entrainment fraction f = 0.2 for the control case.

Again, for each case two different random number seeds were computed. The results

are qualitatively similar for cases without sedimentation to the ones with sedimentation.

The spectral shape is just slightly wider when sedimentation of drops is present than the

absence of sedimentation.

During the time it takes for mixing to the fine-scale, some of the droplets will sed-

iment into the subsaturated air. The droplets that do so will evaporate partly and thus

modify their immediate environment.

To summarize, entrainment (f ) and mixing broadens the droplet size distribution.

With higher entrained fractions the broadening increases towards smaller radius sizes

due to more droplets being affected by the subsaturated air and evaporate partly. Un-

til entrained fraction 0.2, the domain is still large enough so that some of the largest

droplets do not evaporate at all. With an entrained fraction of 0.8, all droplets evapo-

rated totally. The mixing process is faster than the evaporation process. Most variations

An unsaturated blob is entrained at 375 s
some individual droplet radii width of droplet size distribution

Entrainment and mixing affect 
cloud droplet size distributions



Temperature Measured in Stratocumulus



(from the EMPM)



Collision-coalescence

♦Growth of droplets into raindrops is achieved by collision-
coalescence.

♦Fall velocity of a droplet increases with size.
♦Larger drops collect smaller cloud droplets and grow.
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Large droplets can initiate 
collision-coalescence growth



• Processes that may contribute to large droplet 
production

• Entrainment and mixing of unsaturated air

• Droplet clustering due to turbulence

• Giant aerosols

Large droplets can initiate 
collision-coalescence growth



1!c"# suggests that the regions with little or no particles are
on the order of 1/10 the box length, making the size of these

regions on the order of 10$.

III. MODELING CONSIDERATIONS

A. Radial distribution function

Consider a canonical ensemble of systems, each of vol-

ume V , containing N indistinguishable particles of diameter,

%, and density, &p . For such an ensemble, the joint probabil-
ity that each of the N particles lie within volumes dx1 cen-

tered at x1 ,. . . , through dxN centered at xN is defined as

P !N "!x1 ,. . . ,xN"dx1 .. .dxN , !7"

where the standard normalization applies, i.e.,

!
V

¯!
V

P !N "!x1 ,. . . ,xN"dx1¯dxN!1. !8"

The two-particle distribution function is then obtained by

integrating out the dependence on the remaining particles

P !2 "!x1 ,x2"'!
V

¯!
V

P !N "!x1 ,. . . ,xN"dx3¯dxN . !9"

The two-particle radial distribution function is then defined

as32,33

g!x1 ,x2"!
N!N"1 "

n2
P !2 "!x1 ,x2", !10"

where n'N/V . For a statistically homogeneous and isotro-

pic volume, particle positions can be expressed in terms of a

relative separation distance, r'"x1"x2", and P (2)(x1 ,x2) re-
duces to P (2)(r)/V to give the working definition of g(r)

used in this study

g!r "!
N!N"1 "

n2V
P !2 "!r ". !11"

As the rdf is near unity for a uniformly distributed system, it

is convenient to define a residual rdf !rrdf" as

h!r "'g!r ""1. !12"

A physical interpretation of g(r) is the number of par-

ticle centers located in a spherical shell between r and r

#dr about a central particle divided by the expected number

of particles given a uniformly distributed particle field.

Based on the definition of the rdf shown in Eq. !11" and the
integral relationship given in Eq. !8", it is easy to show that
the rrdf must satisfy the following integral constraint34

n!
V

h!r "dr!"1. !13"

B. Parametric dependence

Isotropic turbulence is characterized by the fluid density,

&, kinematic viscosity, v , turbulence intensity U!, and ki-
netic energy dissipation rate, (. In dimensionless terms, this
reduces to the turbulent Reynolds number, defined here in

terms of the Taylor microscale

Re)'U!2!15

v(
. !14"

For a monodisperse suspension, the particle phase introduces

three additional variables, viz., the particle density &p , diam-
eter %, and total number N. In terms of dimensionless vari-
ables, these can be expressed as the volumetric loading *
'+%3N/6V , nondimensional size parameter %̂'%/$ and

particle Stokes number St ,see Eq. !1"#. This implies that the
most general form of the rdf in isotropic turbulence can be

expressed functionally as

g! r̂;Re) ,* ,%̂ ,St", !15"

where r̂'r/$ is the dimensionless independent variable and

the variables after the semicolon are the dimensionless pa-

rameters.

C. Simplifying assumptions

The large parameter space shown in Eq. !15" would
make it difficult to interpret and correlate the results from the

numerical simulations. It is, therefore, advantageous to con-

sider the sensitivity of the rdf to each of the parameters, and

search for simplifications where applicable.

FIG. 1. 2d slices of ghost-particle simulations at: !a" St!0.0; !b" St!0.2;
!c" St!0.7; !d" St!1.0; !e" St!2.0; and, !f" St!4.0. Dots correspond to
particle center locations.

2533Phys. Fluids, Vol. 12, No. 10, October 2000 Effect of preferential concentration on turbulent collision rates

Downloaded 15 Oct 2004 to 128.110.128.94. Redistribution subject to AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp

Direct numerical simulation results 
from Reade & Collins (2000)

Clustering of 
inertial particles 

in turbulence 
increases 

collision rates



• SGS mixing is instantaneous in most LES. 
(Decrease grid size.)

• SGS variability does not affect DSD in any 
LES. (Decrease grid size.)

• SGS turbulence affects droplet collision 
rates in very few LES. (Modify collision 
kernel.)

Parameterization of SGS Cloud 
Processes in LES

(and how to improve)



• SGS mixing is instantaneous in most LES. 
(Decrease grid size or parameterize.)

• SGS variability does not affect DSD in any 
LES. (Decrease grid size.)

• SGS turbulence affects droplet collision 
rates in very few LES. (Modify collision 
kernel.)

Parameterization of SGS Cloud 
Processes in LES

(and how to improve, v. 1)



How to resolve the small-scale 
variability?

• Decrease LES grid size?

• To decrease LES grid size from 10 m to       
1 cm would require 109 grid points per 
(10 m)3 and an increase in CPU time of 
1012.

• This is not possible now or in the forseeable 
future. 



How to resolve the small-scale 
variability?

• Decrease dimensionality from 3D to 1D?

• To decrease grid size from 10 m to 1 cm 
would require only 103 grid points points 
per (10 m)3.

• This is feasible now.



2 Model Description

In this section we describe ODTLES, an approach for extending the one-dimensional turbulence

model of Kerstein [6] to treat turbulent flow in three-dimensional domains. ODTLES can also be

thought of as a novel LES approach, and we will show how large-scale 3D turbulent motions are

captured by the LES aspects of the model but are strongly coupled to the small-scale turbulent

motions generated by the ODT part of the model.

Before continuing we also note that ODT might be combined with LES in at least two different

ways. One option is to start with the LES equations (derived by spatially averaging the NS equa-

tions), and seek a method for using ODT as a subgrid closure model for these equations. This can

be thought of as a top-down approach, and is denoted LES/ODT. A second option is to begin with

the ODT equations, and then add additional terms so that mutually orthogonal ODT domains might

be coupled together and 3D LES modeling constraints enforced. The ODTLES model described

here follows the latter bottom-up approach.

Figure 1. Illustrative geometry of the ODT and LES subdomains

2.1 Geometry and Numerical Discretization

In ODTLES we discretize our domain of interest in two distinct but interdependent ways. The first

is by a standard set of rectangular control volumes. The second is formed by embedding three,

mutually orthogonal ODT domain arrays within the coarser 3D mesh. This is illustrated in Figure

1 for a simple box-shaped region. Here we see that the overall domain is subdivided into N3
les

uniform LES control volumes, where Nles = 3 is the number of LES-scale subdivisions in each
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LES with 1D subgrid-scale model



Summary

• Reducing the dimensionality is an 
established method.

• Removes or reduces the need for SGS 
parameterizations.

• It is very well suited for high-Reynolds 
number turbulent flows when small-scale 
mixing processes are important.



• Bridging the LES-DNS gap

• Large-eddy simulation (LES)

• Parcel model

• Linear Eddy Model (LEM)

• One-Dimensional Turbulence (ODT)

• Explicit Mixing Parcel Model (EMPM)

• ClusColl (Clustering and Collision Model)



• Large-eddy simulation (LES)

• Description of LES

• Some applications of LES

• Small-scale processes in LES



2010





Increase resolution in a LES of 
small cumulus clouds



3.2.2 Project 2: EMPM and LES

In parallel with the EMPM-only studies, we will perform high-resolution LES of BOMEX, ATEX, Hawai-
ian, SCMS and/or RICO cumulus clouds in order to study the entrainment/detrainment process and to
collect trajectories to use to drive the EMPM. We will run and analyze EMPM simulations (with stochastic
coalesence and droplet inertial effects) based on a representative set of LES trajectories. This will provide
a more realistic range of cloud properties for investigating droplet spectral broadening. By comparing the
results using mean or time-varying updraft speeds, entrainment rates, and mixing rates, we can determine
the impact of using mean values.

After implementing the linear eddy mixing model as a subgrid-scale mixing model in the LESM, we will
perform LEM-LES of RICO cumulus clouds. We will use the results to (1) evaluate this LES approach
by comparing the LEM-LES fine-scale structure to RICO measurements, and to (2) evaluate the EMPM’s
entrainment and mixing models by comparing the LEM-LES fine-scale structure to corresponding EMPM
results.

4 The University of Utah Large-Eddy Simulation Model

The University of Utah Large-Eddy Simulation Model (UU LESM) is specifically designed to examine
small-scale atmospheric flows, especially those involving cumulus convection, entrainment, and turbulence.
It was developed by Zulauf (2001). The dynamic framework is based upon the 3D nonhydrostatic primitive
equations. Rather than using an anelastic set of governing equations, the quasi-compressible approximation
is used (Droegemeier and Wilhelmson, 1987), in which the speed of sound is artificially reduced. This allows
for a highly flexible code base, while still remaining computationally economical. The prognostic variables
include the conserved quantities of liquid water potential temperature and total water mixing ratio. The
model uses the Deardorff (1980) subgrid-scale turbulent kinetic energy (SGS TKE) closure, which employs
a prognostic equation for SGS TKE. Subgrid fluxes of momentum and scalar quantities are diagnosed using

Figure 5: Vertical (top) and horizontal (bottom) cross-sections of liquid water mixing ratio for BOMEX trade
cumulus simulations with resolutions of 40 m (left), 20 m (center), and 10 m (right). The horizontal cross
sections are located at z = 1000 m. The contour interval is 0.1 g kg−1. The line through each cross-section
indicates its intersection with the accompanying perpendicular cross-section. Each cross section displays an
area 590 m by 725 m.

14

3.2.2 Project 2: EMPM and LES

In parallel with the EMPM-only studies, we will perform high-resolution LES of BOMEX, ATEX, Hawai-
ian, SCMS and/or RICO cumulus clouds in order to study the entrainment/detrainment process and to
collect trajectories to use to drive the EMPM. We will run and analyze EMPM simulations (with stochastic
coalesence and droplet inertial effects) based on a representative set of LES trajectories. This will provide
a more realistic range of cloud properties for investigating droplet spectral broadening. By comparing the
results using mean or time-varying updraft speeds, entrainment rates, and mixing rates, we can determine
the impact of using mean values.

After implementing the linear eddy mixing model as a subgrid-scale mixing model in the LESM, we will
perform LEM-LES of RICO cumulus clouds. We will use the results to (1) evaluate this LES approach
by comparing the LEM-LES fine-scale structure to RICO measurements, and to (2) evaluate the EMPM’s
entrainment and mixing models by comparing the LEM-LES fine-scale structure to corresponding EMPM
results.

4 The University of Utah Large-Eddy Simulation Model

The University of Utah Large-Eddy Simulation Model (UU LESM) is specifically designed to examine
small-scale atmospheric flows, especially those involving cumulus convection, entrainment, and turbulence.
It was developed by Zulauf (2001). The dynamic framework is based upon the 3D nonhydrostatic primitive
equations. Rather than using an anelastic set of governing equations, the quasi-compressible approximation
is used (Droegemeier and Wilhelmson, 1987), in which the speed of sound is artificially reduced. This allows
for a highly flexible code base, while still remaining computationally economical. The prognostic variables
include the conserved quantities of liquid water potential temperature and total water mixing ratio. The
model uses the Deardorff (1980) subgrid-scale turbulent kinetic energy (SGS TKE) closure, which employs
a prognostic equation for SGS TKE. Subgrid fluxes of momentum and scalar quantities are diagnosed using

Figure 5: Vertical (top) and horizontal (bottom) cross-sections of liquid water mixing ratio for BOMEX trade
cumulus simulations with resolutions of 40 m (left), 20 m (center), and 10 m (right). The horizontal cross
sections are located at z = 1000 m. The contour interval is 0.1 g kg−1. The line through each cross-section
indicates its intersection with the accompanying perpendicular cross-section. Each cross section displays an
area 590 m by 725 m.

14

x

z

x

y

grid size = 40 m

725 m

59
0 

m

liquid water mixing ratio
(contour interval = 0.1 g/kg)



3.2.2 Project 2: EMPM and LES

In parallel with the EMPM-only studies, we will perform high-resolution LES of BOMEX, ATEX, Hawai-
ian, SCMS and/or RICO cumulus clouds in order to study the entrainment/detrainment process and to
collect trajectories to use to drive the EMPM. We will run and analyze EMPM simulations (with stochastic
coalesence and droplet inertial effects) based on a representative set of LES trajectories. This will provide
a more realistic range of cloud properties for investigating droplet spectral broadening. By comparing the
results using mean or time-varying updraft speeds, entrainment rates, and mixing rates, we can determine
the impact of using mean values.

After implementing the linear eddy mixing model as a subgrid-scale mixing model in the LESM, we will
perform LEM-LES of RICO cumulus clouds. We will use the results to (1) evaluate this LES approach
by comparing the LEM-LES fine-scale structure to RICO measurements, and to (2) evaluate the EMPM’s
entrainment and mixing models by comparing the LEM-LES fine-scale structure to corresponding EMPM
results.
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is used (Droegemeier and Wilhelmson, 1987), in which the speed of sound is artificially reduced. This allows
for a highly flexible code base, while still remaining computationally economical. The prognostic variables
include the conserved quantities of liquid water potential temperature and total water mixing ratio. The
model uses the Deardorff (1980) subgrid-scale turbulent kinetic energy (SGS TKE) closure, which employs
a prognostic equation for SGS TKE. Subgrid fluxes of momentum and scalar quantities are diagnosed using
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a more realistic range of cloud properties for investigating droplet spectral broadening. By comparing the
results using mean or time-varying updraft speeds, entrainment rates, and mixing rates, we can determine
the impact of using mean values.

After implementing the linear eddy mixing model as a subgrid-scale mixing model in the LESM, we will
perform LEM-LES of RICO cumulus clouds. We will use the results to (1) evaluate this LES approach
by comparing the LEM-LES fine-scale structure to RICO measurements, and to (2) evaluate the EMPM’s
entrainment and mixing models by comparing the LEM-LES fine-scale structure to corresponding EMPM
results.

4 The University of Utah Large-Eddy Simulation Model

The University of Utah Large-Eddy Simulation Model (UU LESM) is specifically designed to examine
small-scale atmospheric flows, especially those involving cumulus convection, entrainment, and turbulence.
It was developed by Zulauf (2001). The dynamic framework is based upon the 3D nonhydrostatic primitive
equations. Rather than using an anelastic set of governing equations, the quasi-compressible approximation
is used (Droegemeier and Wilhelmson, 1987), in which the speed of sound is artificially reduced. This allows
for a highly flexible code base, while still remaining computationally economical. The prognostic variables
include the conserved quantities of liquid water potential temperature and total water mixing ratio. The
model uses the Deardorff (1980) subgrid-scale turbulent kinetic energy (SGS TKE) closure, which employs
a prognostic equation for SGS TKE. Subgrid fluxes of momentum and scalar quantities are diagnosed using

Figure 5: Vertical (top) and horizontal (bottom) cross-sections of liquid water mixing ratio for BOMEX trade
cumulus simulations with resolutions of 40 m (left), 20 m (center), and 10 m (right). The horizontal cross
sections are located at z = 1000 m. The contour interval is 0.1 g kg−1. The line through each cross-section
indicates its intersection with the accompanying perpendicular cross-section. Each cross section displays an
area 590 m by 725 m.
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Stratocumulus-topped boundary layer

•horizontal grid size = 6.25 m

•vertical grid size = 5 m near cloud top

an example of high-resolution LES...







a quarter of the domain



• Bridging the LES-DNS gap

• Large-eddy simulation (LES)

• Parcel model

• Linear Eddy Model (LEM)

• One-Dimensional Turbulence (ODT)

• Explicit Mixing Parcel Model (EMPM)

• ClusColl (Clustering and Collision Model)



• Parcel model

• No internal structure or variability.

• Simplest realistic framework for 
microphysics and turbulence interactions.

• Lagrangian framework avoids numerical 
artifacts due to advection.

• Can use to apply multiscale modeling to a 
growing cumulus turret.







2 Model Description

In this section we describe ODTLES, an approach for extending the one-dimensional turbulence

model of Kerstein [6] to treat turbulent flow in three-dimensional domains. ODTLES can also be

thought of as a novel LES approach, and we will show how large-scale 3D turbulent motions are

captured by the LES aspects of the model but are strongly coupled to the small-scale turbulent

motions generated by the ODT part of the model.

Before continuing we also note that ODT might be combined with LES in at least two different

ways. One option is to start with the LES equations (derived by spatially averaging the NS equa-

tions), and seek a method for using ODT as a subgrid closure model for these equations. This can

be thought of as a top-down approach, and is denoted LES/ODT. A second option is to begin with

the ODT equations, and then add additional terms so that mutually orthogonal ODT domains might

be coupled together and 3D LES modeling constraints enforced. The ODTLES model described

here follows the latter bottom-up approach.

Figure 1. Illustrative geometry of the ODT and LES subdomains

2.1 Geometry and Numerical Discretization

In ODTLES we discretize our domain of interest in two distinct but interdependent ways. The first

is by a standard set of rectangular control volumes. The second is formed by embedding three,

mutually orthogonal ODT domain arrays within the coarser 3D mesh. This is illustrated in Figure

1 for a simple box-shaped region. Here we see that the overall domain is subdivided into N3
les

uniform LES control volumes, where Nles = 3 is the number of LES-scale subdivisions in each
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instruments that can reveal the fine structures of
clouds (Figs. 6.10 and 6.11), indicate that adiabatic
cores, if they exist at all, must be quite rare.

Air entrained at the top of a cloud is distributed to
lower levels as follows. When cloud water is evapo-
rated to saturate an entrained parcel of air, the parcel
is cooled. If sufficient evaporation occurs before the
parcel loses its identity by mixing, the parcel will sink,
mixing with more cloudy air as it does so. The sinking
parcel will descend until it runs out of negative buoy-
ancy or loses its identity. Such parcels can descend
several kilometers in a cloud, even in the presence of
substantial updrafts, in which case they are referred to
as penetrative downdrafts. This process is responsible
in part for the “Swiss cheese” distribution of LWC in
cumulus clouds (see Fig. 6.6). Patchiness in the distri-
bution of LWC in a cloud will tend to broaden the
droplet size distribution, since droplets will evaporate
partially or completely in downdrafts and grow again
when they enter updrafts.

Over large areas of the oceans stratocumulus
clouds often form just below a strong temperature
inversion at a height of !0.5–1.5 km, which marks
the top of the marine boundary layer. The tops of the
stratocumulus clouds are cooled by longwave radia-
tion to space, and their bases are warmed by long-
wave radiation from the surface. This differential
heating drives shallow convection in which cold
cloudy air sinks and droplets within it tend to evapo-
rate, while the warm cloudy air rises and the droplets
within it tend to grow. These motions are responsible
in part for the cellular appearance of stratocumulus
clouds (Fig. 6.13).
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Fig. 6.10 High-resolution liquid water content (LWC) meas-
urements (black line) derived from a horizontal pass through
a small cumulus cloud. Note that a small portion of the
cumulus cloud had nearly an adiabatic LWC. This feature dis-
appears when the data are smoothed (blue line) to mimic the
much lower sampling rates that were prevalent in older meas-
urements. [Adapted from Proc. 13th Intern. Conf. on Clouds and
Precipitation, Reno, NV, 2000, p. 105.]
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Fig. 6.11 Blue dots are average liquid water contents (LWC)
measured in traverses of 802 cumulus clouds. Squares are the
largest measured LWC. Note that no adiabatic LWC was
measured beyond !900 m above the cloud base. Cloud base
temperatures varied little for all flights, which permitted this
summary to be constructed with a cloud base normalized to a
height of 0 m. [Adapted from Proc. 13th Intern. Conf. on Clouds
and Precipitation, Reno, NV, 2000, p. 106.]

Entrainment

Rising thermal

Fig. 6.12 Schematic of entrainment of ambient air into a
small cumulus cloud. The thermal (shaded violet region) has
ascended from cloud base. [Adapted from J. Atmos. Sci. 45,
3957 (1988).]
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Small-scale Variability due to Entrainment 
and Mixing is Typical in Cumulus Clouds
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• Bridging the LES-DNS gap

• Large-eddy simulation (LES)

• Parcel model

• Linear Eddy Model (LEM)

• One-Dimensional Turbulence (ODT)

• Explicit Mixing Parcel Model (EMPM)

• ClusColl (Clustering and Collision Model)



• Linear Eddy Model (LEM)

• Evolves scalar spatial variability on all 
relevant turbulence scales using one 
dimension.

• Distinguishes turbulent deformation and 
molecular diffusion.

• Turbulence properties are specified.







Advection is modeled as a sequence of triplet maps that 
preserve desired advection properties, even in 1D

The triplet map 
captures
compressive strain 
and 
rotational folding 
effects, 
and causes no 
property 
discontinuities

c(y)



Advection is modeled as a sequence of triplet maps that 
preserve desired advection properties, even in 1D

This procedure imitates 
the effect of a 3D eddy 
on property profiles 
along a line of sight

c(y)

y

c(y)

y

The triplet map (1D eddy)
• moves fluid parcels without 

intermixing their contents
• conserves fluid properties
• does not cause property 

discontinuities
• reduces fluid separations by 

at most a factor of 3



Advection is modeled as a sequence of triplet maps that 
preserve desired advection properties, even in 1D

The triplet map 
is implemented 
numerically as 
a permutation 
of fluid cells (or 
on an adaptive 
mesh)



Triplet Map for Fluid Elements

Each triplet map has a location, size, and time.

• Location is randomly chosen.

• Size   is randomly chosen from a distribution 
that matches inertial range scalings.

• Smallest map (eddy) is Kolmogorov scale, 

• Largest eddy is L, usually domain size.

• Eddies occur at a rate determined by the 
large eddy time scale and eddy size range.

η.

l
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FIG. 1. The scalar rearrangement process is carried out by the use
of the triplet map. The triplet map makes three compressed copies
of the scalar field in the selected segment, replaces the original field
with the three copies, and inverts the center copy: (a) illustrative
initial scalar field and (b) scalar field after rearrangement.

conditions of the computations and in the model analogs
of quantities such as Re (Reynolds number), Sc
(Schmidt number), and Da (Damköhler number), but
the underlying kinematic picture is the same in all cases.
The unification of these diverse phenomena achieved
by the linear eddy model is remarkable.
The linear eddy model has been fully described by

Kerstein (1991) and Krueger (1993). We will provide
only an abbreviated description here. Molecular diffu-
sion of a scalar field !i is implemented in the linear
eddy model by numerically integrating the diffusion
equation,

2"! " !i i# D ,M 2"t "x

over the linear domain. Here DM is the molecular dif-
fusivity.
It is the implementation of turbulent deformation that

is the key feature of the linear eddy model, and what
distinguishes it from JB89’s and G93’s mixing models.
Turbulent deformation is represented by a sequence of
discrete events that punctuate the continuous diffusion
process. Each event represents the effect of an eddy of
size l and does so by instantaneously rearranging the
scalar field in a randomly selected segment of length l
using the ‘‘triplet map’’ (Kerstein 1991). This map, il-
lustrated in Fig. 1, causes an increase of the scalar gra-
dient within the segment, analogous to the effect of
compressive strain (deformation) in turbulent flow.
The segment size for each rearrangement event is

sampled from a distribution of segment sizes f (l). Re-
arrangement events occur at a rate $ per unit length.
Kerstein (1991) determined these parameters by rec-
ognizing that the rearrangement events induce a random
walk of a fluid element, by interpretating the corre-
sponding diffusivity as the turbulent diffusivity DT, and
by incorporating the Kolmogorov (inertial range) scal-
ing relations. Furthermore, the segment sizes are limited
to the range % ! l ! L, where % and L are the model
analogs of the Kolmogorov and integral length scales

of the turbulent flow. For a high-Re turbulent flow, Ker-
stein (1991) found that f (l) and $ can be expressed as

&8/35 l
, if % ! l ! L

&5/3 &5/33 % & Lf (l) # (1)!
0, otherwise

and

5/3
54 D LT$ # . (2)

3 " #5 L %

The quantities required by the linear eddy model are
therefore DM (the molecular diffusivity that appears in
the scalar diffusion equation), DT, %, and L.
The size of the largest turbulent eddy, L, is specified

from observations. We can use L and measurements of
the turbulent kinetic energy dissipation rate, ', to specify
the turbulent diffusivity, DT. Krueger (1993) showed
that DT $ 0.1L4/3'1/3. Note that in this formulation, there
is no feedback from the mixing process to DT.
For many applications, it is not necessary to resolve

the Kolmogorov scale of the turbulent flow. At a suf-
ficiently large Reynolds number, Re ( (L/%)4/3, the lin-
ear eddy model results become statistically independent
of Re (see section 4b). When the physical Kolmogorov
scale is not resolved, the molecular diffusivity DM is
simply replaced by the turbulent diffusivity due to ed-
dies smaller than %. This is DT (%/L)4/3 (Tennekes and
Lumley 1972).
An example taken from Krueger (1993) will illustrate

how the linear eddy model works. Consider the mixing
of two distinct air masses, one of which consists of
entrained air and occupies 5% of the linear eddy model’s
1D domain. Krueger considered cases for which the
entrained air initially consists of 1, 3, or 9 blobs. The
initial blob size is thus inversely proportional to the
number of blobs. The blobs were assigned a value of
one, while the remainder of the domain was assigned a
value of zero. The initial fields are shown in Fig. 3 of
Krueger (1993). The linear eddy model was used to
simulate the mixing process for each case. The results
for each case are based on an ensemble of 100 reali-
zations.
As mixing proceeds, the scalar variance decreases in

each case. In Fig. 2a, the scalar variance for each case
is plotted versus the elapsed time t scaled by )L, a large-
eddy timescale proportional to (L2/')1/3. It is evident that
the variance decay rate depends on the blob size, with
a greater rate for a smaller blob size. Since inertial range
scalings are built into the linear eddy model, the de-
pendence of the mixing timescale, )d ( (d 2/')1/3, on the
blob size, d, should be reflected in the variance decay
rates. When the scalar variance for each case is plotted
versus t/)d, (as shown in Fig. 2b), the curves collapse
fairly well for t/)d * 5 and are very close for t/)d ! 1.
Note that the scaling arguments that lead to the defi-
nition of the mixing timescale )d are not applicable for
t/)d �1 (Mell et al. 1991). For further discussion of

Eddy Size Distribution

Eddy Rate

Triplet Map

DT ≈ 0.1 L4/3ε1/3 is the turbulent
diffusivity due to all eddies.
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the underlying kinematic picture is the same in all cases.
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only an abbreviated description here. Molecular diffu-
sion of a scalar field !i is implemented in the linear
eddy model by numerically integrating the diffusion
equation,

2"! " !i i# D ,M 2"t "x

over the linear domain. Here DM is the molecular dif-
fusivity.
It is the implementation of turbulent deformation that

is the key feature of the linear eddy model, and what
distinguishes it from JB89’s and G93’s mixing models.
Turbulent deformation is represented by a sequence of
discrete events that punctuate the continuous diffusion
process. Each event represents the effect of an eddy of
size l and does so by instantaneously rearranging the
scalar field in a randomly selected segment of length l
using the ‘‘triplet map’’ (Kerstein 1991). This map, il-
lustrated in Fig. 1, causes an increase of the scalar gra-
dient within the segment, analogous to the effect of
compressive strain (deformation) in turbulent flow.
The segment size for each rearrangement event is

sampled from a distribution of segment sizes f (l). Re-
arrangement events occur at a rate $ per unit length.
Kerstein (1991) determined these parameters by rec-
ognizing that the rearrangement events induce a random
walk of a fluid element, by interpretating the corre-
sponding diffusivity as the turbulent diffusivity DT, and
by incorporating the Kolmogorov (inertial range) scal-
ing relations. Furthermore, the segment sizes are limited
to the range % ! l ! L, where % and L are the model
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therefore DM (the molecular diffusivity that appears in
the scalar diffusion equation), DT, %, and L.
The size of the largest turbulent eddy, L, is specified

from observations. We can use L and measurements of
the turbulent kinetic energy dissipation rate, ', to specify
the turbulent diffusivity, DT. Krueger (1993) showed
that DT $ 0.1L4/3'1/3. Note that in this formulation, there
is no feedback from the mixing process to DT.
For many applications, it is not necessary to resolve

the Kolmogorov scale of the turbulent flow. At a suf-
ficiently large Reynolds number, Re ( (L/%)4/3, the lin-
ear eddy model results become statistically independent
of Re (see section 4b). When the physical Kolmogorov
scale is not resolved, the molecular diffusivity DM is
simply replaced by the turbulent diffusivity due to ed-
dies smaller than %. This is DT (%/L)4/3 (Tennekes and
Lumley 1972).
An example taken from Krueger (1993) will illustrate

how the linear eddy model works. Consider the mixing
of two distinct air masses, one of which consists of
entrained air and occupies 5% of the linear eddy model’s
1D domain. Krueger considered cases for which the
entrained air initially consists of 1, 3, or 9 blobs. The
initial blob size is thus inversely proportional to the
number of blobs. The blobs were assigned a value of
one, while the remainder of the domain was assigned a
value of zero. The initial fields are shown in Fig. 3 of
Krueger (1993). The linear eddy model was used to
simulate the mixing process for each case. The results
for each case are based on an ensemble of 100 reali-
zations.
As mixing proceeds, the scalar variance decreases in

each case. In Fig. 2a, the scalar variance for each case
is plotted versus the elapsed time t scaled by )L, a large-
eddy timescale proportional to (L2/')1/3. It is evident that
the variance decay rate depends on the blob size, with
a greater rate for a smaller blob size. Since inertial range
scalings are built into the linear eddy model, the de-
pendence of the mixing timescale, )d ( (d 2/')1/3, on the
blob size, d, should be reflected in the variance decay
rates. When the scalar variance for each case is plotted
versus t/)d, (as shown in Fig. 2b), the curves collapse
fairly well for t/)d * 5 and are very close for t/)d ! 1.
Note that the scaling arguments that lead to the defi-
nition of the mixing timescale )d are not applicable for
t/)d k 1 (Mell et al. 1991). For further discussion of

Molecular Diffusion

DM is the molecular diffusivity of the scalar φi.



Let D(t) be the length of a fluid segment and the
corresponding scale reduction rate be dD/dt.
Inertial range scaling suggests that

dD

dt
≈ −D

τD
≡ −(Dε)1/3

where τD ≡ (D2/ε)1/3 is the time scale for
turbulent breakdown of an eddy of size D and ε is
the dissipation rate of turbulence kinetic energy.
We can show that the LEM obeys this equation as
well, if we interpret dD/dt as the LEM’s time- and
space-averaged rate of scale reduction.

Scale reduction in the LEM



Triplet map vs. 3D turbulence

• Transport: map frequency is set so that fluid transport 
matches turbulent eddy diffusivity.

• Length scale reduction: by matching the inertial-range 
size-vs.-frequency distribution of eddy motions, the rate 
of length scale reduction as a function of fluid parcel size 
is consistent with 3D turbulence.

• Intermittency: Random sampling of triplet map 
occurrences and sizes reproduces, qualitatively and to 
some degree quantitatively, intermittency properties of 
3D turbulence.

• Mixing: In conjunction with molecular diffusion, the map 
sequence reproduces mixing features.

Strengths



Triplet map vs. 3D turbulence

• Omits effects of time persistence of turbulent motions.

• When diffusive time scales are shorter than turbulent 
time scales, diffusion can suppress scalar fluctuations 
faster than they are generated in 3D turbulence.

• In some cases, turbulence spreads a slow-diffusing 
scalar faster than a fast-diffusing scalar. This is a multi-
dimensional effect that 1D advection cannot capture.

Weaknesses



Use the LEM to simulate mixing

Perform 100 
realizations 

starting from 
these initial 
conditions.



τL is a large-eddy time scale ∼ (L2/ε)1/3



τd is the mixing time scale ∼ (d2/ε)1/3



Example of using the LEM 
to study isobaric mixing of 
clear and cloudy air



LEM water vapor and temperature fields





• Bridging the LES-DNS gap

• Large-eddy simulation (LES)

• Parcel model

• Linear Eddy Model (LEM)

• One-Dimensional Turbulence (ODT)

• Explicit Mixing Parcel Model (EMPM)

• ClusColl (Clustering and Collision Model)



• One-Dimensional Turbulence 
(ODT)

• Evolves scalar and velocity spatial 
variability on all relevant turbulence 
scales using one dimension.

• Distinguishes turbulent deformation and 
molecular diffusion.

• Turbulence properties are predicted.





• Bridging the LES-DNS gap

• Large-eddy simulation (LES)

• Parcel model

• Linear Eddy Model (LEM)

• One-Dimensional Turbulence (ODT)

• Explicit Mixing Parcel Model (EMPM)

• ClusColl (Clustering and Collision Model)



Turbulent Motion of Fluid Elements can be 
Represented by Applying 1-D Maps

A. R. Kerstein, “A Linear-eddy model of turbulent scalar transport and mixing,” Combust. Sci. Tech. 60, 391 (1988).



Advection is modeled as a sequence of triplet maps that 
preserve desired advection properties, even in 1D

The triplet map 
is implemented 
numerically as 
a permutation 
of fluid cells (or 
on an adaptive 
mesh)



• Bridging the LES-DNS gap

• Large-eddy simulation (LES)

• Parcel model

• Linear Eddy Model (LEM)

• One-Dimensional Turbulence (ODT)

• Explicit Mixing Parcel Model (EMPM)

• ClusColl (Clustering and Collision Model)



• Explicit Mixing Parcel Model (EMPM)

• Combines the Linear Eddy Model with:

• A parcel model.

• Stochastic entrainment events.

• Bulk or droplet microphysics.

• Specified ascent speed.

• Cloud droplets can grow or evaporate 
according to their local environments.





droplet evaporation

molecular diffusion

turbulent deformation

saturated parcel

entrainment

EMPM with droplets and entrainment



Explicit Mixing Parcel Model (EMPM)

• The EMPM predicts the evolving in-cloud variability due to
entrainment and finite-rate turbulent mixing using a 1D
representation of a rising cloudy parcel.

• The 1D formulation allows the model to resolve fine-scale
variability down to the smallest turbulent scales (∼ 1 mm).

• The EMPM can calculate the growth of several thousand
individual cloud droplets based on each droplet s local
environment.

Krueger, S. K., C.-W. Su, and P. A. McMurtry, 1997: Modeling 
entrainment and fine-scale mixing in cumulus clouds. J. Atmos. Sci., 
54, 2697–2712.

Su, C.-W., S. K. Krueger, P. A. McMurtry, and P. H. Austin, 1998: 
Linear eddy modeling ofdroplet spectral evolution during entrainment 
and mixing in cumulus clouds. Atmos. Res., 47–48, 41–58.



• Bulk microphysics:

– Liquid water static energy

– Total water mixing ratio

• Droplet microphysics:

– Temperature

– Water vapor mixing ratio

EMPM  Variables



shown: 16 cells ~ 1.6 cm

Each cell is (1 mm)3

How many droplets are 
in the LEM domain?

Number = 
concentration X 

volume

What is the 
volume of the 

EMPM domain?



128 cells ~ 10 cm



1024 cells ~ 1 m



Volume of a 20 m-long domain =
20 m X 1 mm X 1 mm =

20 x 100 cm X 0.1 cm X 0.1 cm =
20 cm3

Number of droplets in domain =
concentration X domain volume =

100 cm-3 X 20 cm3 =
2000

Number of droplets per cell =
concentration X cell volume =

100 cm-3 X 0.001 cm3 =
0.1 (1 droplet per cm)



What is the average droplet seperation in 3D?

Each droplet occupies a volume of 
V/N = 0.01 cm3 

This is a cube with sides of length
(0.01 cm3)1/3 = 0.2 cm = 2 mm



EMPM Required Inputs

• Required for a classical (instant mixing) parcel model
calculation:

Thermodynamic properties of cloud-base air

Updraft speed

Entrainment rate

Thermodynamic properties of entrained air

Aerosol properties

• In addition, the EMPM requires:

Parcel size

Entrained blob size, d

Turbulence intensity (e.g., dissipation rate, ε)



Droplet growth by diffusion of water vapor

rj
drj

dt
=

S −A1 + A2

A3 + A4

rj is the radius of the jth droplet, A1 and A2 are
the correction factors for droplet curvature and solute
effects, A3 and A4 are the heat conduction and vapor
diffusion terms, and S is the supersaturation.

In the EMPM, droplets move relative to the fluid at 
their terminal velocities.



Droplet Microphysics

droplet radius:

supersaturation

water 
vapor:

temperature:



(from the EMPM)



Droplet histories during mixing
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FIG. 4. ‘‘Snapshots’’ from the EMPM of qw (x) at p ! 900 mb
(top) and p ! 850 mb (bottom) during one realization.

ments. The ‘‘instant mixing’’ profiles are obtained from
the EMPM when the entrained blobs are immediately
mixed throughout the parcel. For reference, the adiabatic
(no entrainment) parcel profiles and the environment
profiles are also included in the mean profile plots.
The mean profiles of the conserved quantities sl and

qw obtained from the EMPM using complete sampling
should depend only on the fractional rate of entrainment
and not on the entrained blob size (or other aspects of
how turbulent mixing is represented). The overlapping
gray lines in Fig. 5 confirm this expectation. However,
the corresponding mean profiles obtained from the
EMPM using conditional sampling do depend on the
entrained blob size because the spatial distribution of
liquid water (upon which the conditional sampling
method is based) is determined by the turbulent mixing
process (see section 5d).
By comparing mean profiles from an instant mixing

entraining parcel model with the measured (condition-
ally sampled) profiles, RJB estimated the entrainment
rate. This approach ignores the parcel model profiles’
dependence on the entrained blob size. However, the

dependence appears to be within the range of measure-
ment uncertainty.
The EMPM standard deviation profiles in Fig. 6 ex-

hibit a significant dependence on the entrained blob size,
and also on the sampling method. Only the conditionally
sampled profiles below 850 mb agree better with theq"w
measurements than do the completely sampled profiles.
The uncertainties in the sampling method and in the
measured standard deviation profiles do not allow us to
select which entrained blob size is most realistic. How-
ever, the comparisons indicate that an entrained blob
size in the range 50–200 m provides a good match to
RJB’s observations and is certainly more realistic than
for any smaller size, as indicated by the instant mixing
standard deviations, which are all significantly smaller
than the observations. Recall that the instant mixing
standard deviations are due solely to the specified vari-
ability in cloud base conditions among the realizations.

b. Liquid water mixing ratio and buoyancy

In the previous section we showed that finite-ratemix-
ing is necessary to reproduce the in-cloud variability of
the conserved quantities sl and qw observed in Hawaiian
cumulus clouds by RJB. However, finite-rate mixing is
not necessary to match the observed mean profiles of
sl and qw. Are these conclusions valid for nonconserved
quantities such as the liquid water mixing ratio, l, and
the buoyancy?
The buoyancy is proportional to the excess of the

virtual temperature in the cloud over the environmental
value. For convenience, we define

B # T$ % T$e

and refer to B as the buoyancy. The appendix describes
how l and B are obtained from sl and qw.
Figure 7 presents the profiles of the in-cloud ensemble

means of the liquid water mixing ratio, &l', normalized
by the adiabatic liquid water mixing ratio obtained using
the ensemble mean cloud base conditions, la, and the
buoyancy, &B'. Figure 8 shows the in-cloud standard
deviations of the liquid water mixing ratio, l", and the
buoyancy, B". The figures include EMPM in-cloud pro-
files for entrained blob sizes of 50, 100, and 200 m
obtained using both conditional sampling and complete
sampling. These figures also include the observed and
instant mixing profiles, plus the adiabatic profile for &B'.
We noted above that the mean profiles of the con-

served quantities sl and qw obtained from the EMPM
using complete sampling do not depend on how tur-
bulent mixing is represented. However, Fig. 7 illustrates
that the profiles of &l'/la and &B' obtained from the
EMPM using complete sampling do depend on how
turbulent mixing is represented because &l'/la and &B'
depend on the degree of mixing.
Figure 7 shows that the mean profiles obtained from

the EMPM for the three entrained blob sizes using con-
ditional sampling and complete sampling differ in two

Comparison to 
Measurements

EMPM results can be directly 
compared to high-rate aircraft 
measurements of temperature,
water vapor, liquid water 
content, and droplet size spectra.



0.01

0.1

1

10

100

35302520151050

p = 810 mb
 simulation
 observation 1
 observation 2

0.01

0.1

1

10

100

35302520151050

p = 857 mb
 simulation
 observation 1
 observation 2

0.01

0.1

1

10

100

35302520151050

p = 907 mb
 simulation
 observation 1
 observation 2

co
nc

en
tra

tio
n 

(c
m

-3
µ
m

-1
)

droplet radius (µm)

Applying the EMPM to Hawaiian Cumuli

The EMPM produced realistic, 
broad droplet size spectra that 
included super-adiabatic-sized 
droplets. The computed spectra 
agreed with those measured by 
aircraft.
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Mixing and Evaporation Time Scales



Mixing Time Scales

Eddy mixing time scale

Sedimentation mixing time scale



A generalized eddy mixing time scale
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Figure 1: (top) Explicit Mixing Parcel Model simulation of isobaric mixing of saturated air
(containing 100 cloud droplets per cm−3 of radius 15 µm) with 1 segment of subsaturated
air 0.25 m in length in a 1D domain 20 m in length, with a dissipation rate of 10−2 m2

s−3. The blue curve is the average subsaturation normalized by its initial value, the red
curve is the std dev of the water vapor mixing ratio, and the green line is 1/e. The e-
folding times for saturation adjustment and decay of water vapor std dev obtained from
the plot are 5.5 s and 1.2 s, respectively. The calculated evaporation and mixing timescales
are 4 s and 1.8 s, respectively. (bottom) Same as top except for mixing of 5 segments of
subsaturated air (each 10 m in length) in a 1D domain 100 m in length. The e-folding
times for saturation adjustment and decay of water vapor std dev obtained from the plot
are 18 s and 20 s, respectively. The calculated evaporation and mixing timescales are 4 s
and 22 s, respectively.

because the mixing time scale is much larger than the evaporation time scale, and therefore
limits (and determines) the grid-averaged evaporation rate. The latter scenario is typical
of mixing in clouds, and is the situation addressed by the paper under review.

2

TOP: 1 segment of subsaturated air 0.25 m in length in a 1D 
domain 20 m in length, with a dissipation rate of 10−2 m2 s−3.

average subsaturation      std dev of water vapor concentration

BOTTOM: 5 segments of subsaturated air, each 10 m in length, in 
a 1D domain 100 m in length.

droplet evaporation and mixing 
timescales: 4 s and 1.8 s

droplet evaporation and mixing 
timescales: 4 s and 22 s

evaporation rate is 
limited by mixing

Fast mixing

Slow mixing



Large Droplet Production due 
to Entrainment and Mixing













dissipation rate



entrained blob size



entrainment rate



How entrainment and mixing 
scenarios affect droplet spectra in 

cumulus clouds



What can aircraft observations of joint 
frequency distributions of cloud droplet 
number concentration (N) and mean 
droplet volume (V) tell us about 
entrainment and mixing scenarios in 
cumulus clouds?

 

 
 

Figure 5c : As in Fig. 5b but for data from the SCMS 5 August case. Black diamonds indicate 

!!"# for relative humidity values of 30%, 40%, 50%, 60%, 70%, 80%, 90%, 95% and 99%. 
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Figure 8 (continue).

b)

Burnet and Brenguier 2006

SCMS 5 August 1995 SCMS 10 August 1995



Can we use the Explicit Mixing Parcel Model 
(EMPM) to determine entrainment and mixing 
scenarios that could produce N-V distributions 
similar to those observed?

To explore the range of potential N-V distributions that 
might be encountered in cumulus clouds and to relate 
them to cloud processes, we applied the EMPM to a 
variety of realistic entrainment and mixing scenarios. 

The consequences of parcel trajectory (isobaric vs 
ascending) and entrained CCN concentration (zero 
vs cloud base) on N-V distributions in entraining, 
nonprecipitating cumulus clouds as predicted by the 
EMPM will be presented.
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N-V diagram, part 1

x: N/Na = CDNC 
normalized by 
adiabatic value

y:  V/Va = mean 
droplet volume 
normalized by 
adiabatic value

red curves: 
LWC/LWCa = 
(N V) / (Na Va) 
= LWC 
normalized by 
adiabatic value
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The decrease in 
LWC required to 
saturate the mixture 
is determined by the 
fraction, f, RH, and T 
of the entrained air.

If no droplets totally 
evaporate,
N/Na = 1-f.

The blue curves are 
then specified, and 
labeled with RH_e, 
(for a specific T_e).



Fig. 1. Schematic diagram of the model setup.

The EMPM predicts cloud droplet spectra in a turbulent environment by using
a 1D formulation to obtain a high degree of spatial resolution. This provides a
realistic treatment of turbulent mixing (i.e., turbulent deformation and molec-
ular diffusion.)
To develop different types of entrainment and mixing, the main parameters,
which are varied for the simulations, are the environmental relative humidity
(RHe), the entrainment fraction (f), the size of the entrained environmental
air filament (d) and the turbulent mixing rate (ε) and single versus multiple
entrainment events.
The initial conditions are from the Hawaiian observations of Raga et al. (1990).
The values for the experiment are listed in the Table 1. The updraft velocity is
held constant until the entrainment level is reached. Figure 1 shows schemat-
ically the model setup and parameters varied.
The runs were initialized with two different random number seeds to study the
sensitivity to the random numbers. The EMPM results include the histories
of the droplet radii and the locations in the domain and the corresponding
histories of temperature and mixing ratio.

3 Simulation Results

The results for the different parameters varied are shown as droplet size dis-
tributions (DSD) after entrainment and mixing is completed in normal and
logarithmic space of the number concentration, and their cumulative distribu-
tion functions (CDF) and are evaluated in terms of their spectral width and
ensemble spread. Each of these issues is discussed in turn.
Figure 2 gives a short overview of the radius evolution of different single

droplets for different experiments. It shows the radius histories of 30 droplets
for the control, RHe = 0.22, d = 10 m and ε = 10−6 m2s−3 cases from just be-
fore entrainment until mixing is completed for different entrainment fractions.
The radius variations with time decrease at different rates for the different

5

Use EMPM to study mixing scenarios

entrainment

80



Figure 2: N -V diagram for isobaric mixing in the EMPM after an entrainment event. Each point is a 1-m average.
Plotted in each panel are points from 11 “traverses” of the 80-m EMPM domain during an 8.25-s interval. Time increases
clockwise from the upper left panel.

evaporate. The blue line indicates all possible values of
(N ,rv) in saturated mixtures in which no droplets have to-
tally evaporated. Therefore, the N -rv distribution moves
downwards towards the blue line during the second stage.

During the third stage (panels 5 and 6), the resulting
saturated parcels mix. Because the blue line is also a mixing
line for saturated parcels, the N -rv distribution converges
towards its domain average during this stage.

Figure 3 presents the distributions of the domain aver-
ages of two EMPM simulations of isobaric mixing in a 20-m
domain with 7 sequential entrainment events. In this case,
the domain averages are completey determined by the en-
trained air properties (entrainment fraction and RH), and
indicate nothing about the mixing process. Note that en-
trained CCN have no impact when the mixing is isobaric.

2.2 Ascent with and without entrained CCN

The two plots in Fig. 4 show the dramatic impact of en-
trained CCN in an ascending parcel (80-m domain) with se-
quential entrainment events. Without entrained CCN (left
panel), r3

v grows to 150 percent of adiabatic at the high-
est level (1500 m above cloud base), while N decreases
to 25 percent of adiabatic (”weed and feed”). When CCN
are entrained at cloud base concentrations (right panel), r3

v

decreases to about 40 percent of adiabatic, while N only
slightly decreases, to about 90 percent of adiabatic (”weed,
seed, and feed”).

Figure 5 shows the time series of all 10-m averages for
an EMPM simulation in a 200-m domain without entrained
CCN. Compared to the domain-averaged results, the 10-m

averages are much more variable (and realistic) because the
entrained air fraction in each 10-m segment is determined
by the EMPM’s stochastic mixing process, rather than be-
ing specified. As a result, the 10-m averages from the
200-m domain results can be directly compared to aircraft
measurements, such as those shown in Fig. 1.

Figure 6 shows the time series of all 10-m averages for
an EMPM simulation in an 80-m domain with entrained
CCN at one half of cloud base concentrations, while Fig.
7 shows the same for an EMPM simulation with entrained
CCN at cloud base concentrations.

3. CONCLUSIONS

These (and other) comparisons between EMPM results
and observations indicate that without entrained CCN, rv is
too large and N is too small, and suggest that distributions
of N and rv similar to those observed can be produced in an
ascending parcel by entraining air with intermediate CCN
concentrations.
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EMPM: entrainment and isobaric mixing, 80-m domain
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Condensation due to Ascent

Condensation: 
- N = const 
- LWC increases at 
rate ~ dz/dt. 
-  V increases

Entrainment and 
ascent without 
activation tends to 
increase V towards 
super- adiabatic 
values (“weed and 
feed”).
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Ascent without entrained CCN

10-m averages from 200-m domain

all levels one level

Multiple entrainment events
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Figure 5: 10-m averages for an EMPM simulation in a 200-m ascending domain without entrained CCN. Left: All values.
Right: Values for a short time interval, similar to what would be sampled by an aircraft traverse.

Figure 6: Like Fig. 5 but for entrained CCN at one half of cloud base concentrations.

Figure 7: Like Fig. 5 but for entrained CCN at cloud base concentrations.
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Activation and Condensation due to Ascent

Activation of entrained 
CCN may occur. 
- N increases. 
-  V decreases.
- LWC = const

Activation and 
condensation 
together tend to 
counteract 
entrainment 
effects and keep N 
and V more nearly 
constant.
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Ascent with entrained CCN (cloud-base conc.)

10-m averages from 200-m domain

all levels one level

Multiple entrainment events

Figure 5: 10-m averages for an EMPM simulation in a 200-m ascending domain without entrained CCN. Left: All values.
Right: Values for a short time interval, similar to what would be sampled by an aircraft traverse.

Figure 6: Like Fig. 5 but for entrained CCN at one half of cloud base concentrations.
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Figure 7: Like Fig. 5 but for entrained CCN at cloud base concentrations.
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Ascent with entrained CCN (half cloud-base conc.)

10-m averages from 200-m domain

all levels one level

Multiple entrainment events

Figure 5: 10-m averages for an EMPM simulation in a 200-m ascending domain without entrained CCN. Left: All values.
Right: Values for a short time interval, similar to what would be sampled by an aircraft traverse.
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Figure 6: Like Fig. 5 but for entrained CCN at one half of cloud base concentrations.

Figure 7: Like Fig. 5 but for entrained CCN at cloud base concentrations.
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Conclusions

• Without entrained CCN,  V is too large and N is 
too small in the EMPM compared to the SCMS 
aircraft observations. 

• This suggest that distributions of N and V similar to 
those observed can be produced in an ascending 
parcel by entraining air with intermediate CCN 
concentrations.

• Better discrimination between possible scenarios 
would be possible if subsaturated and saturated 
parcels could be identified by aircraft measurements.



• Bridging the LES-DNS gap

• Large-eddy simulation (LES)

• Parcel model

• Linear Eddy Model (LEM)

• One-Dimensional Turbulence (ODT)

• Explicit Mixing Parcel Model (EMPM)

• ClusColl (Clustering and Collision Model)



• ClusColl (Droplet Clustering and 
Collision Model)

• Inertial droplets move in response to 
Kolmogorov-scale turbulence and gravity.

• Economically evolves 3D droplet 
positions and detects collisions.

• Can be incorporated into EMPM.



• Motivation:  To develop an economical 
model that represents the essential 
processes that contribute to the 
formation of rain drops by collision 
and coalescence of cloud droplets.



An Economical Simulation Method for Droplet 
Motions in Turbulent Flows

Each droplet has a radius and a 3-D position.

• Radius changes due to collision and 
coalescence.

• Position changes due to turbulence and 
sedimentation.

• Map-based advection is an efficient tool for 
capturing the physics that governs droplet 
motions and collisions in turbulence.





Using map-based advection, a 3D Lagrangian (grid-free) 
low-inertia particle advancement model is formulated

compress copy

flip 
middle 
copy

keep one 
copy of 

each 
particle

(random
choice)

Displacement of slip-free (zero-inertia) particles by a 3D triplet map:

δ

Δ

δ

Fluid displacements δ are multiplicatively incremented to represent particle inertia:

δ:  no slip
Δ: with slip

Inertia model:

Δ = (1+S) δ

S<<1 is the model analog of Stokes number, 
St = [particle response time] / [flow time]

If polydisperse, S can be different for each particle

introduce
slip



Continuum interpretation: slip induces fluctuations in 
an initially uniform particle-density field

compress copy

flip 
middle 
copy

threefold
particle
density

reduction

apply finite-inertia map

threefold
particle
density

reduction

Zero inertia: uniform multiplicative compression, compensated by number reduction

Particle 
number 

density n 3n 3n 3n3n 3n 3n 3n n

Non-zero inertia: non-uniform compression, inducing particle-density fluctuations

n >3n >3n<3n >n >n<n



Triplet Map for Droplets

Each triplet map has a 
location, orientation, size, and time.

• Location is randomly chosen.

• Orientation is parallel to x-, y-, or z-coordinate 
and is randomly chosen.

• Size ~ Kolmogorov length scale.

• Interval between maps ~ Kolmogorov time 
scale.
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• To use the triplet map to calculate droplet motions 
in turbulence we must relate:

• The model’s map (eddy) size to the Kolmogorov 
length scale.

• The map (eddy) interval to the Kolmogorov time 
scale.

• The ratio of droplet displacement to fluid 
displacement (S) for each map to the particle 
Stokes number (St).



• The first two relationships were determined by 
comparing our results for inertial bidispersions 
to the DNS results of Chun et al. (2005).

• The third relationship was determined by 
comparing our results for zero-inertia 
monodispersions to the collision rates for the 
Saffman-Turner regime.

• For details, see:                                          
Krueger, S. K., J. Oh, and A. R. Kerstein, 2008: Enhancement of 
Coalescence due to Droplet Inertia in Turbulent Clouds. 
Proceedings of the 15th Conference on Clouds and Precipitation, 
Cancun, Mexico, July 2008



We implemented an efficient collision 
detection code and compared our collision 
kernels of 

• bidispersions with inertia and gravity with 
those from DNS by Franklin et al. (2005).

• monodispersions with inertia and gravity 
with those from DNS by Ayala et al. (2008).

Collision Kernels



0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.8

1

10

r1 / r2

!
tu

rb
/!

gr
av

 

 

10  Collector
"=95
"=280
"=656
"=1535

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.8

1

10

r1 / r2

!
tu

rb
/!

gr
av

 

 

20  Collector
"=95
"=280
"=656
"=1535

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.8

1

10

r1 / r2

!
tu

rb
/!

gr
av

 

 

30  Collector
"=95
"=280
"=656

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
10!6

10!5

10!4

10!3

r1 / r2

!
gr

av
 (c

m
3  s

!1
)

 

 

10 collector
20 collector
30 collector

Normalized Collision Kernels

Triplet Map for Droplets

10 µm collector 20 µm collector

30 µm collector



0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.8

1

10

r1 / r2

!
tu

rb
/!

gr
av

 

 

10  Collector
"=95
"=280
"=656
"=1535

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.8

10

r1 / r2

!
tu

rb
/!

gr
av

 

 

20  Collector
"=95
"=280
"=656
"=1535

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.8

1

10

r1 / r2

!
tu

rb
/!

gr
av

 

 

30  Collector
"=95
"=280
"=656
"=1535

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
10!6

10!5

10!4

10!3

r1 / r2

!
gr

av
 (c

m
3  s

!1
)

 

 

10 collector
20 collector
30 collector

Normalized Collision Kernels

DNS by Franklin et al. (2005) 

10 µm collector 20 µm collector

30 µm collector



0 10 20 30 40 50 60 70
10!7

10!6

10!5

10!4

10!3

10!2

10!1

radius(µm)

!
tu

rb
.(c

m
3 /s

)

 

 
Rlambda=23.3, "=100

Rlambda=72.4, "=100

Rlambda=23.3, "=400

Rlambda=72.4, "=400

"=100
"=400

Monodisperse Collision Kernels vs Ayala et al. (2008)

We have developed a more 
general, all-Stokes-number triplet 
map formulation, but have not yet 
implemented or tested it.



Collision and Coalescence Calculations

• Dissipation rate = 100 cm2 s-3.

• Droplet number concentration = 100 cm-3.

• LWC = 0.6 to 1.6 g m-3.

• We used collision efficiencies from Hall 
(1980) for laminar flows.

• The results are sensitive to the choice of 
collision efficiencies, and are preliminary.

• St < 0.8 enforced.



Collision and Coalescence Calculations

• Case 1: Uniform DSD from 10 to 12.6 microns. 
LWC = 0.6 g m-3.

• Case 2:  Narrow DSD from 15.5 to 15.8 microns. 
LWC = 1.6 g m-3. 

• Case 3:  Wide DSD from 12 to 16.5 microns.  
LWC = 1.4 g m-3. 
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• Without turbulence (and without 
condensational growth), neither DSD 
produces rain.

• In turbulence, rain forms about 10 minutes 
sooner with inertial compared to zero-
inertia droplets. 

• In turbulence, rain forms about 25 minutes 
sooner with the broader DSD.

Collision and Coalescence Calculations



Other Potential Applications

• Study the impacts of entrainment and mixing on: 

• coalescence growth (using a larger domain).

• condensational and coalescence growth (by 
including condensational growth and a larger 
domain).

• Study the growth of particles in turbulent 
mixed-phase clouds.



• An economical simulation method for droplet 
motions in turbulent flows has been developed.

• We compared collision kernels to DNS results.

• Model appears to be valid for St << 1.

• Some preliminary collision and coalescence 
calculations have been performed.

• They suggest that turbulence can significantly 
accelerate rain formation by droplet clustering and by 
spectral broadening due to entrainment and mixing.

Summary
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FIG. 2. (a) Variance vs elapsed time t scaled by a large-eddy time-
scale !L for 1, 3, and 9 initial blobs. (b) As in (a) except that the
elapsed time is scaled by the mixing timescale !d, which depends on
the initial blob size.

FIG. 3. A parcel is represented by a 1D domain in the EMPM. The
parcel’s internal structure evolves due to discrete entrainment events
and turbulent mixing (rearrangement events and subgrid-scale dif-
fusion).

linear eddy simulations of mixing in homogeneous tur-
bulence, see McMurtry et al. (1993).
The example just described demonstrates the rela-

tionship between the entrained blob size and the sub-
sequent scalar variance evolution. In cumulus clouds,
variance is produced by multiple entrainment events.
The in-cloud variance level is thus determined by the
relative rates of variance production by entrainment and
variance decay by mixing.

c. EMPM implementation

By combining the linear eddy model described in
section 3b with the entrainment parameterization de-
scribed in section 3a, the EMPM is able to represent
the effects of entrainment, turbulent deformation, and
molecular diffusion on the internal structure of the par-
cel.
The evolution of a parcel as it ascends from cloud

base is calculated using the EMPM as shown schemat-
ically in Fig. 3. The EMPM’s 1D scalar fields are ini-
tially uniform and set equal to the observed horizontally
averaged cloud base values. As the parcel rises above
cloud base at a specified rate based on observations,

entrainment events occur at irregular intervals. The en-
trained blobs are mixed by the linear eddy model’s re-
arrangement events—which increase the scalar gradi-
ents—and by eddy diffusion.
Many realizations (independent calculations) of par-

cel evolution are made with the EMPM for each set of
parcel parameters in order to provide a precise statistical
representation of the entrainment and mixing processes,
which are both modeled as stochastic processes in the
EMPM. Each realization differs from the others in the
ensemble in its sequence of entrainment intervals and
its set of rearrangement events. Each simulation de-
scribed in the next section consisted of an ensemble of
100 realizations.

4. Simulations

We used the EMPM to simulate entrainment and mix-
ing in Hawaiian cumulus cloud ‘‘main turrets’’ observed

Explicit Mixing Parcel 
Model (EMPM)

LES with 1D 
subgrid-scale model




