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ABSTRACT
We discuss the existence and the properties of a new type of mean motion resonance populated by a

large number of asteroids, the resonant angle being deÐned as a linear combination (with integer
coefficients) of the mean longitudes of asteroid, Jupiter, and Saturn. We call these resonances the three-
body mean motion resonances. In the present paper, we show that the anomalous large oscillation of the
mean semimajor axis of about 250 numbered asteroids is associated with some of the most prominent
three-body mean motion resonances, and we conjecture that the actual number of the resonant asteroids
is much larger. The positive Lyapunov exponent detected for the majority of resonant bodies in our
numerical integrations suggests the chaotic nature of their orbits. Moreover, we show, using frequency
analysis, that orbits in the three-body mean motion resonances may slowly and chaotically di†use in
eccentricity. The existence of such di†usion may have major consequences for our present understanding
of the long-term evolution of the asteroidal belt and the delivery of objects to near-Earth orbits.
Key words : celestial mechanics, stellar dynamics È minor planets, asteroids

1. INTRODUCTION

In the last decade it has been shown that many asteroids
in the main belt have a strongly chaotic motion with a very
short Lyapunov of 103È105 yr & Nobilitime1 (Milani 1992 ;

& Murray Nobili, &Milani 1993 ; Holman 1996 ; Milani,
Knez— evic� & Nesvorny� Several of1997 ; S‹ idlichovsky� 1998).
these asteroids are evidently related to mean motion reso-
nances of moderate While mean motion resonancesorder.2
of low order (say, 2¹ q ¹ 4) force the resonant asteroids to
become planet crossers on a short timescale (of order of a
few million years), and therefore are basically depleted of
asteroids, in mean motion resonances of moderate order
(say, 5 ¹ q ¹ 7È9) the times required to become a planet
crosser are much longer (from tens of millions of years to of
order 1 Gyr), so that the resonances may be largely popu-
lated by asteroids of primordial and/or collisional origin.
This has been shown by & Holman for theMurray (1997)
resonances in the outer asteroid belt, but their result can be
extended to the mean motion resonances of equivalent
order in the main belt, i.e., for semimajor axis a ranging
between 2.1 and 3.25 AU. Hence, the moderate-order reso-
nances located in the main belt (such as 7 :2, 10 :3, 11 :4, 8 :3,
12 :5, 9 :4, 11 :5, 13 :6) are the places where most of chaotic
asteroids should be expected.

However, there are also many asteroids with a short Lya-
punov time of 5 ] 103 to 105 yr, which may be difficultly
related to any mean motion resonance of signiÐcant order.
The main example is provided by the asteroid 490 Veritas

& Farinella A tentative explanation of its(Milani 1994).

ÈÈÈÈÈÈÈÈÈÈÈÈÈÈÈ
1 The Lyapunov time is the inverse of the maximum Lyapunov expo-

nent. It is the mean time span on which two initially close chaotic orbits
increase their mutual distance by the value of the base of the natural
logarithm, D2.718.

2 The mean motion resonances are usually denoted by the ratio of
Jupiter and asteroid orbital periods, which is written as (p ] q) :p, with p, q
integers ; q is called the order of the resonance and determines its strength.
In fact, the coefficient of the resonant terms turns out to be proportional to
eq, where e denotes the asteroidÏs eccentricity.

behavior given by et al. accounted for theMilani (1997)
e†ect of the 21 :10 and 44 :21 commensurabilities and
periodic variations of the instantaneous perihelion velocity
caused by the secular oscillation of asteroidÏs eccentricity.
However, these resonances are of very high order, and as we
will show in the following, they are not likely to produce the
mean semimajor-axis oscillations of about 0.005 AU and
the degree of chaoticity observed in the numerical integra-
tions ; moreover, they are not exactly in the region spanned
by the semimajor-axis oscillations, and the latter are not
correlated with librations of the critical angle(s).

We present here an alternative explanation of 490
VeritasÏs behavior based on the consideration of a reso-
nance belonging to a class that, up to now, has been a priori
neglected in asteroid science (with the only exception being
a short paper by & Beauge� that of theFerna� ndez 1988) :
three-body mean motion resonances. By this term, we mean
the resonances that involve not only the mean motions of
asteroid and Jupiter but also the mean motion of Saturn,
corresponding to the relation

mJ j
5
J ] mS j5 S ] mj5 D 0 , (1)

where and denote the mean motions of Jupiter,j5 J, j5 S, j5
Saturn, and the asteroid, respectively, and and m aremJ, mS,integers. The resonant angles associated with such a reso-
nance turn out to be any combination

p
pJ,pS,p \ mJ jJ ] mS jS] mj ] pJ -J] pS -S ] p- , (2)

where j are the mean longitudes and - are thejJ, jS, -J, -S,perihelion longitudes of Jupiter, Saturn, and asteroid, and
and p are integers that fulÐll the dÏAlembert rule,pJ, pS,mJ ] mS] m] pJ ] pS ] p \ 0.

Since the perihelion longitudes and - have a small-J, -S,but nonzero frequency, angles with di†erentp
pJ,pS,p pJ, pS,and p have zero derivative at di†erent locations. Therefore,

a three-body mean motion resonance of type mJ j
5
J ] mS j5 Ssplits in a natural way into a ““multiplet ÏÏ of] mj5 D 0

resonancesÈthe separation between them being only a few
times 10~4 AUÈeach corresponding to a di†erent perihelia
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combination. In our terminology, by the name three-body
mean motion resonance we will refer hereafter to the whole

and a particular three-body mean motion reso-multiplet,3
nance will be denoted by the integers mJ mS m.

During the revisions of the manuscript, we have learned
about the paper by Holman, & Potter inde-Murray, (1998),
pendently submitted to this journal at about the same time
as ours. They point out the importance of three-body reso-
nances for the outer asteroid belt and analytically estimate
the Lyapunov and di†usion times for the 6 [2 [3 and
3 1 [2 resonances. We suggest their article for a comple-
mentary reading on the subjectÈthe reader may Ðnd in
their text a numerical study of the e†ect of SaturnÏs pertur-
bation and an analytic approach to modeling the three-
body resonancesÏ dynamics. Our slightly di†erent analytic
approach to the study of three-body resonance is described
in & MorbidelliNesvorny� (1998).

We will start by presenting in the next section the
numerical evidence that 490 Veritas and several other main-
belt asteroids of similar behavior are actually in a three-
body mean motion resonance. A numerical survey of the
location and size of the main three-body resonances is pre-
sented in and reveals how our view of the dynamical° 3
structure of the asteroid belt is strongly modiÐed by the
consideration of the new class of resonances. isSection 4
devoted to listing the numbered asteroids, which we suc-
ceeded in relating to some three-body mean motion reso-
nance by looking at the evolution of their critical angles ; we
will show that basically every numerically detectable
chaotic region can be associated with either a usual mean
motion and secular resonance or with a three-body reso-
nance. Our conclusions are given in ° 5.

2. WHY IS 490 VERITAS (AS WELL AS OTHERS) CHAOTIC?

We have numerically integrated the evolution of the orbit
of 490 Veritas subjected to the perturbations of the four
outer planets, using the symmetric multistep method

& Tremaine The output has been sampled(Quinlan 1990).
at 2 yr intervals.

Having conjectured, on the basis of its orbital frequency,
that 490 Veritas is related to the three-body mean motion
resonance 5 [2 [2, we have computed the evolution of the
secular angle

p \ 5jJ [ 2jS [ 2j [ - . (3)

To average out short periodic oscillations, p has been Ðrst
transformed to z\ exp ip [i \ ([1)1@2], so that the applica-
tion of a digital Ðlter does not produce artiÐcial results
when the angle passes through the limits of its deÐnition
interval. Then the digital low-pass Ðlter B of &Nesvorny�

see Tremaine, & DuncanFerraz-Mello (1997 ; Quinn, 1991)
was applied on z and on the semimajor axis. The Ðlter was
subsequently applied three times by increasing the sampling
by a factor of 3 at every step, so that smoothed variables
sampled at 54 yr intervals were obtained. By the e†ect of

ÈÈÈÈÈÈÈÈÈÈÈÈÈÈÈ
3 As a matter of fact, the longitudes of node should also be considered in

in the case where the inclinations are not neglected, thus yielding aeq. (2)
much larger number of multiplet terms. However, in our exploration these
new terms do not seem to be of much importance, so that, in the Ðrst
approximation, we will concentrate on the planar case and consider the
resonant angles deÐned with only the longitudes of perihelia as denoted by
eq. (2).

Ðltration, all the frequencies with periods less than approx-
imately 100 yr have been canceled. The Ðltering is necessary
in the Veritas case since the short periodic oscillations of the
semimajor axis (of about 0.03 AU), forced by the vicinity of
the 2 :1 resonance, would hide its mean evolution on the
given time interval. The libration of the resonant angle
would be visible even without Ðltering, but the smoothed
variable presents a better view.

shows the smoothed semimajor axis and reso-Figure 1
nant angle of 490 Veritas on the interval 2 ] 105 yr.(eq. [3])
The observed evolution of the semimajor axis is very similar
to that shown in Figure 3 of et al. As wasMilani (1997).
stated in that paper, the oscillation of D5 ] 10~3 AU
cannot be explained on the basis of the standard secular
theory Nobili, & Carpino at al.(Milani, 1987). Milani (1997)
attempted to relate these oscillations to the 21 :10 and 44 :21
mean motion resonances with Jupiter and to the variation
of the instantaneous perihelion frequency, which, according
to the authors, would force Veritas to cross the resonances.
Their reasoning was based on the apparent correlation
between the semimajor-axis and eccentricity variations. In
short, the secular oscillations of the asteroidÏs eccentricity
force the instantaneous perihelion frequency to change, and
this in turn forces the above resonancesÏ locations to oscil-
late with respect to the asteroid position, and the repetitive
passages through the resonances would presumably cause
VeritasÏs semimajor-axis variations. In this argument, the
correlation between the oscillations of semimajor axis and
eccentricity is a necessary condition, and in the case of 490
Veritas, this condition is approximately fulÐlled.

However, several counterarguments can be given here : (1)
The mentioned resonances are of a very high order, and our
analytic computation (based on the evaluation of the
leading coefficients in the perturbing function) shows that
the size of the resonant zone should be less than 5 ] 10~5

FIG. 1.ÈTime evolution of the Ðltered semimajor axis and of the angle
for 490 Veritas. Note the correlation between thep \ 5jJ [ 2jS[ 2j [ -

semimajor-axis oscillations and the librations/circulations of p, which
show that the asteroid is in the 5 [2 [2 three-body resonance.
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AU for the 21 :10 The 44 :21 resonance is evenresonance.4
thinner, by several orders of magnitude. Consequently, the
e†ect of both resonances must be very, very small. (2) The
location of the 21 :10 resonance is not exactly centered in
the region spanned by VeritasÏs semimajor-axis oscillations ;
in fact, the 12 resonances forming the multiplet associated
with the 21 :10 resonance are located in the interval 3.1708È
3.1724 AU, while Veritas oscillates between 3.1719 and
3.1765 AU. (3) The oscillations of VeritasÏs semimajor axis
are not correlated with the circulation/libration of any of
the critical angles associated with the 21 :10 and 44 :21 reso-
nances. (4) The correlation between semimajor axis and
eccentricity is only approximately veriÐed for 490 Veritas ;
Veritas is nevertheless a particularly ““ good ÏÏ case in this
respect, because it has a relatively high perihelion fre-
quency, D138A yr~1. In most of the other cases of ““ stable
chaos ÏÏ listed by et al. in other regions of theMilani (1997)
asteroid belt, this condition is not fulÐlled at all. Thus,
even if the Milani et al.Ïs explanation could be accepted for
490 Veritas, it would necessarily fail in other cases. (5) A
quantitative model based on the Milani et al. scenario has
failed to explain VeritasÏs behavior (Lemaiü tre 1997).

We claim that the 5 [2 [2 three-body mean motion
resonance dominates the local dynamics and is a much
more convincing explanation of VeritasÏs behavior. Figure 1
shows clearly that the angle is a very slow angle(eq. [3])
with several librations of about 104 yr around zero, alter-
nating with periods of slow circulation. Moreover, its evolu-
tion is very well correlated with the evolution of the
semimajor axis. This shows that 490 Veritas is in fact in the
three-body mean motion resonance, with the resonant
angle deÐned by equation (3). It should also be noted that
the irregular behavior of both the semimajor axis and the
resonant angle witness the fact that the motion of 490
Veritas is chaotic. Indeed, its Lyapunov time estimated by
Milani et al. is about 8500 yr.

We will now show that the three-body mean motion reso-
nances also provide the explanation for most of the chaotic
asteroids in the main belt listed in Table 1 of et al.Milani

shows the result concerning 485 Genua and(1997). Figure 2
the resonance 3 [1 [1. Once again, the resonant angle

is very slowly variable. It libratesp \ 3jJ [ jS[ j [ -
around n up to approximately 8 ] 104 yr and switches to
the prograde circulation at 105 yr. From then on, it is in the
proximity of the 13 :5 resonance, which is located at 2.7510
AU. But the 3 [1 [1 three-body resonance still governs
the dynamical behavior in this region. This is clear from the
fact that the oscillations of the semimajor axis are very well
correlated with the behavior of the resonant angle, not only
up to 8 ] 104 yr (when the amplitude of oscillation is about
3 ] 10~3 and p librates) but also later, when p circu-AU5
lates. In integrations covering a longer time span, the alter-
nation between libration and oscillation of the resonant
angle p happens often, which is clear evidence that the orbit
is chaotic (the Lyapunov time is even shorter than that of
490 Veritas : it is about 6500 yr).

ÈÈÈÈÈÈÈÈÈÈÈÈÈÈÈ
4 The resonant size is given for the proper eccentricity of 490 Veritas,

which is about 0.0652. It is in fact the size of the strongest multiplet
component at this eccentricity, the component21jJ[ 10j [ 7-J [ 4-
with the maximum number of asteroid perihelia (and also with other peri-
helia combinations), i.e., being much weaker, of size21jJ [ 10j[ 11-,
D2.5] 10~6 AU.

5 In this case, the short periodic oscillations of the semimajor axis can-
celed by the Ðltering procedure were about 8] 10~3 AU.

FIG. 2.ÈSame as but for the asteroid 485 Genua. In this case,Fig. 1,
The asteroid is initially inside the 3 [1 [1 three-p \ 3jJ [ jS[ j [ -.

body resonance.

Similarly, we have succeeded in associating 10 Hygiea
with the 8 [4 [3 three-body resonance ; 221 Eos with the
6 2 [3 (but here the secular resonance isg]s[g6[s6\0
also important, where g and s are the mean asteroid peri-
helion and node frequencies, respectively, and and areg6 s6two of the secular planetary frequencies ; & Knez— evic�Milani

and 564 Dudu and 795 Fini with the 3 [1 [1.1992) ;
Thus, we can conclude that the concept of the three-body

mean motion resonances is the one that was missing in
order to explain the observed chaotic behavior of many real
asteroids (we will list about 250 of them in just among° 4,
the numbered asteroids), which has been considered so puz-
zling in several recently published papers. From now on, the
three-body mean motion resonance should be considered,
together with the ordinary mean motion and secular reso-
nances, among the main chaos generators in the asteroidal
belt.

3. A NUMERICAL SURVEY OF THE MAIN THREE-BODY

RESONANCES

The three-body mean motion resonances are more dense
in phase space than the ordinary mean motion resonances
with Jupiter, because three mean motion frequencies
instead of two are involved. This is shown in Figure 3,
where we mark with vertical lines the locations of both the
ordinary and the three-body mean motion resonances, for
semimajor axis ranging all over the asteroid belt (2È4 AU).
For the ordinary mean motion resonances (heavy lines), the
height of the bars is given as 10 [ q, where q is the order in
eccentricity of the coefficient of the leading resonant harmo-
nic, so that all the resonances up to order 9 are reported.
For the three-body mean motion resonances (light lines), the
height of the bars is instead given as 7[ q. This is done to
account for the fact that the coefficients of the three-body
resonant harmonics are quadratic in the masses (see

& Morbidelli and that for an eccentricityNesvorny� 1998)
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FIG. 3.ÈLocation of the ordinary mean motion resonances (heavy lines) and the three-body resonances (light lines). The height of each bar is related to the
resonance order, as explained in the text, so that the vertical scale gives a comparative indication of the strength of the resonances.

e\ 0.066 the mass of Saturn is equal to e3 ; in other words,
a three-body resonance of a given order q should have
roughly the same strength as a usual resonance of order
q ] 3 for eccentricity of about 0.05È0.10. With this trick, the
vertical scale of gives a comparative indication ofFigure 3
the strength of the various resonances, so that the reader
can appreciate at a glance the surprising overdensity of the
three-body resonances. Thus, the three-body mean motion
resonances seem to be the main actors structuring the
dynamics in the main asteroid belt. A rough estimate shows
that the resonances at level 1 in the scale discussed above
have an expected width in semimajor axis of order 10~4 AU
at eD 0.1.

provides only a qualitative indication of theFigure 3
resonancesÏ strength, since it does not account for the dis-
tance from the main perturber (the resonances of a given
order that are far from Jupiter are expected to be narrower
than the resonances of the same order but close to Jupiter).
A more reliable numerical measure of the width of 17 three-
body resonances is reported in which is based onTable 1,
the numerical integrations of the evolution of a number of
resonant asteroids. As for 490 Veritas and 485 Genua (Figs.

and the asteroids have been integrated for 2] 105 yr,1 2),

taking into account the perturbations of four outer planets
and Ðltering the oscillations with periods less than D100 yr,
so that the usually very large short-period variations of the
semimajor axis have been completely eliminated.

For each considered three-body resonance, listsTable 1
by the catalog number one or more resonant asteroids that
we have numerically integrated. The following columns
report the proper eccentricity of the considered aster-(e

p
)

oids, the center value and the amplitude (da) of their(a
c
)

semimajor-axis oscillation, the typical period of these oscil-
lations and the libration center of the resonant angle(Tvar),(p

c
).
Several qualiÐcations are in order : (1) The amplitude of

the semimajor-axis oscillations is an indication of the width
of the resonance only for a value of the eccentricity close to
the asteroidÏs Note that, the motion of most asteroidse

p
.

being chaotic, such an amplitude may not be well deter-
mined on the basis of a 2 ] 105 yr integration. Moreover,
even if some quasi-regular librations of the resonant angle
occur, the width of the resonance may be larger than the
observed semimajor-axis oscillations ; in fact, in an integra-
ble case, the width of the resonance is equal to the ampli-
tude of semimajor-axis oscillation only if the libration

TABLE 1

NUMERICAL RESULTS ON THE THREE-BODY RESONANCES

a
c

da TvarResonance Asteroid e
p

(AU) (10~3 AU) (103 yr) p
c

4 [1 [1 . . . . . . 2440 0.1113 2.2157 0.6 50 0
4 [2 [1 . . . . . . 463 0.1795 2.3977 3.0 D10 0
7 [2 [2 . . . . . . 1966 0.1241 2.4476 0.6 D30 . . .
7 [3 [2 . . . . . . 1430 0.1741 2.5599 0.5 D30 n
2 2 [1 . . . . . . 258 0.1687 2.6155 0.7 D20 . . .
6 [1 [2 . . . . . . 53 0.2092 2.6190 D1.0 35 n

3426 0.0961 2.6195 D1.0 D40 . . .
4 [3 [1 . . . . . . 792 0.1604 2.6230 2.5 25 . . .
7 [4 [2 . . . . . . 789 0.1471 2.6857 0.5 20 . . .
3 [1 [1 . . . . . . 485 0.1958 2.7525 3.0 15 n

1642 0.0964 2.7525 2.0 25 n
4 [4 [1 . . . . . . 22 0.0881 2.9095 D1.0 D50 . . .
5 [1 [2 . . . . . . 576 0.1758 2.9860 2.0 20 0
3 [2 [1 . . . . . . 2395 0.0690 3.0790 4.0 10 n
6 1 [3 . . . . . . 936 0.1540 3.1385 0.4 10 . . .
8 [4 [3 . . . . . . 10 0.1347 3.1418 0.5 D30 . . .
3 3 [2 . . . . . . 106 0.1466 3.1708 D2.0 . . . . . .
5 [2 [2 . . . . . . 490 0.0652 3.1738 4.0 10 0

2039 0.1567 3.1743 4.0 3.8 0
3460 0.2031 3.1745 5.0 3.6 0

7 [2 [3 . . . . . . 530 0.1937 3.2080 \8.0 12 n
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FIG. 4.ÈMaximum Lyapunov exponent (lower lines) and the relative change of the perihelion frequency (upper lines) as a function of the semimajor axis
for the 5 [2 [2 and 3 [1 [1 three-body resonances. The positions of 490 Veritas and 485 Genua are also reported. See text for explanation.

amplitude of the resonant angle is equal to 180¡. Neverthe-
less, we believe that the numbers reported in the da column
of indicate the real width of the resonances, within aTable 1
factor 1.5 (the values listed with ““D ÏÏ being less accurate
than the others). Only in the case of 530 Turandot is the
reported value just an upper limit on the expected width of
the 7 [2 [3 resonance, because the resonant semimajor-
axis oscillations were hidden by the short-period variations,
which have some components with larger period than the
cuto† of our Ðltering procedure, due to the close proximity
to the 2 :1 resonance. (2) The period corresponds to theTvarlibration period in the case of nice librations of the resonant
angle, and to the approximate period of libration/
circulation otherwise. It depends not only on the resonance,
but also on the eccentricity and libration amplitude of the
considered asteroid. (3) The center of libration of thep

cresonant angle is reported only when some well-deÐned
librations are visible in the numerical integrations ; it is not
reported in cases of strongly chaotic motion.

shows that the considered three-body meanTable 1
motion resonances have all widths ranging from some 10~4
to about 5 ] 10~3 AU. The typical timescale of the varia-
tion is of order 104 yr, although some asteroids may present
faster oscillations (for instance, 3460 Ashkova, in 5 [2 [2,
has a period of about 3600 yr). Note that the period of
libration/circulation is expected to be of the same order as
the Lyapunov time. This can be understood on the basis of
a simple argument by & alsoBenettin Gallavotti (1986 ;
illustrated in & Froeschle� The librationMorbidelli 1996).
center of the resonant angle is either 0 or n, but several
exceptions were observed, with temporary librations
around di†erent values.

To have a deeper insight of the chaotic structure associ-
ated with some three-body resonances, we have performed
numerical integrations of a large number of test particles,
perturbed by the four outer planets, with initial conditions
on grids in semimajor axis at constant eccentricity and incli-
nation. For each test particle, we have estimated the
maximum Lyapunov exponent (MLE) and the rate of
change of the perihelion frequency. As before, the integra-
tions were performed using the symmetric multistep
method & Tremaine The step size was 5(Quinlan 1990).

days, and the length of integration ranged from 2 to 4 Myr.
In parallel with the propagation of the evolution of test
particles and planets, the integration of the variational
equations allowed us to estimate the MLE, and the applica-
tion of digital Ðltering and of sophisticated Fourier analysis

& Nesvorny� allowed for the determi-(S‹ idlichovsky� 1997)
nation of the proper frequencies and the estimation of their
rates of change (Laskar 1990).6

shows the results obtained for two cases : FigureFigure 4
4a concerns the 5 [2 [2 resonance in the vicinity of 490
Veritas, and Figure 4b refers to the 3 [1 [1 resonance for
the initial conditions near 485 Genua. In both cases the
initial angles, inclination, and the eccentricity of the test
particles were chosen equal to those of Veritas and Genua,
respectively. The lower line in both graphs shows the
maximum Lyapunov exponent as a function of the initial
semimajor axis, while the upper line shows the relative
change of the perihelion frequency over 1 Myr (both given
in logarithmic scale).

In the value of the MLE attains a plateau atFigure 4a,
D10~4 yr~1 between 3.165 and 3.17 AU, which is related to
the 5 [2 [2 three-body resonance. Note that the width of
this area is about 0.005 AU, basically the same as the ampli-
tude of the semimajor-axis oscillation of 490 Veritas (Fig. 1,

The relative change of perihelion frequency is wellTable 1).
correlated with the MLE proÐle. Recall that a positive rate
of change is a reliable indicator that chaotic di†usion is at
work In the case of 490 Veritas the relative(Laskar 1990).
change of the perihelion frequency is about 10~2.5 Myr~1,
and in fact & Farinella Ðrst showed withMilani (1994)
long-term numerical integrations that the asteroid di†uses
in both eccentricity and inclination, while keeping its semi-
major axis always in the range reported above.

In the proÐles of MLE and frequency changeFigure 4b,
are similar to those of Figure 4a, but the plateaus are not so
well deÐned. The MLE attains its largest value (D10~4
yr~1) over 2.749È2.753 AU. Once again, this width is very
close to the amplitude of GenuaÏs semimajor-axis oscil-
lations and is well correlated with higher(Fig. 2, Table 1)
ÈÈÈÈÈÈÈÈÈÈÈÈÈÈÈ

6 The package of programs, written in the C language, is available on
demand.
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di†usion speed (of order D10~3 Myr~1).
Similar experiments have been done for other three-body

resonances. The Lyapunov times are usually in the range
from 5 ] 103 to 105 yr. The relative frequency change is
always well correlated with the MLE proÐle and exceeds
10~4 Myr~1. This evidences the fact that the three-body
resonances are quite powerful sources of chaotic behavior,
and that a nonnegligible di†usion of eccentricity and incli-
nation should be associated with all of them.

An additional interesting question concerns the origin of
the chaotic behavior in the three-body mean motion reso-
nances found in our numerical integrations. We believe that
it is the overlap of di†erent multiplet components (di†erent

p in that plays a crucial role here. The multi-pJ, pS, eq. [2])
plet components are wider than their separation and
strongly interact, giving rise to the chaotic motion. The
resonant orbit is then free to wander over the range of
components of the multiplet that are overlapped.

An analytic model of three-body mean motion reso-
nances, showing the origin of chaos, is developed in

& Morbidelli Analytic formulae for theNesvorny� (1998).
estimates of the Lyapunov and di†usion times may be
found in et al.Murray (1998).

4. SYSTEMATIC IDENTIFICATION OF THE ASTEROIDS IN

THREE-BODY RESONANCES

In order to identify among the population of known
asteroids those that are associated with ordinary or three-
body mean motion resonances, we have proceeded as
follows.

We have based our identiÐcations on the catalog (kindly

provided to us by C. Froeschle� & R. Gonczi) of the 836
numbered asteroids with a fast L yapunov indicator &(Lega
Froeschle� greater than 108. This selection has been1997)
done by Gonczi, & Lega by integratingFroeschle� , (1997)
over 50,000 yr the Ðrst 5400 numbered asteroids under the
perturbations of the four outer planets. Such a time span
would be too short for the correct computation of the
maximum Lyapunov exponent, but the evaluation of the
fast Lyapunov indicator allows (with some uncertainty) the
detection of the most chaotic orbits.

In the points show the position of the 836 aster-Figure 5,
oids with respect to semimajor axis, eccentricity, and incli-
nation (we used the proper elements by & Knez— evic�Milani

when available, and the osculating elements1994
otherwise). In the bottom panel we indicate the location of
some of the main ordinary (heavy lines) and three-body
(light lines) resonances. The height of the resonant lines has
been scaled as in however, note that, with respectFigure 3 ;
to Figure 3, only some of the resonances have been plotted,
as otherwise would be unreadable. Above eachFigure 5
resonant line we report the integer coefficients deÐning the
resonant angles : m denote the three-body resonancemS mSwith angle while denotes themJ jJ ] mS jS] mj] É É É , mJ/mordinary resonance with angle where themj[ mJ jJ] É É É ,
points stand for a correct combination of longitudes of peri-
helia satisfying the dÏAlembert rule.

Some asteroidal concentrations visible in can beFigure 5
easily identiÐed with ordinary and three-body resonances of
moderate order. The ordinary mean motion resonances 7 :2,
10 :3, 11 :4, 8 :3, 9 :4, 13 :6, etc., and the three-body mean
motion resonances 4 [1 [1, 3 1 [1, 4 [2 [1, 5 3 [2, 5 2

FIG. 5.ÈChaotic asteroids with the fast Lyapunov indicator larger than 108 (points) and the location of the main ordinary and three-body mean motion
resonances. The height of the resonant bars is scaled as in but only some of the resonances are reported.Fig. 3,
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[2, 2 2 [1, 4 [3 [1, 5 1 [2, 3 [1 [1, 6 2 [3, 5 [2 [2,
5 3 [3, etc., seem to be responsible for most of the chaotic
orbits of the real asteroids in the belt.

We stress that not all the important resonances are
shown in for example, from the 28 points thatFigure 5 ;
seem to be associated with the 7 :2 resonance, only 11 aster-
oids are actually related to this resonance and 13 asteroids
are inside the very close (but not reported in Fig. 5) 9 [5
[2 and 5 5 [2 three-body resonances, as shown in Table 3.
This shows that a more precise identiÐcation of the reso-
nant asteroids is needed. To this purpose, we have inte-
grated the chaotic asteroids over 105 yr and monitored the
evolution of their Ðltered resonant angles (the integration
was performed with four outer planets, and the results were
checked in several cases integrating with seven planets). On
the basis of these integrations, we have associated an aster-
oid with a resonance if (1) the corresponding resonant angle
shows evident librations during the integration time span or
(2) the resonant angle circulates with a period longer than
several thousand years. In the latter case our experience
shows that librations will start later, revealing the resonant
dynamical nature of the body.

lists the three-body mean motion resonancesTable 2
with the largest number of asteroids : the Ðrst and the
second entries under each resonance label report the aster-
oids that satisfy, respectively, criteria 1 and 2 for resonant
membership that we discussed above.

lists the three-body resonances with fewer thanTable 3
11 asteroids ; in this case we have not distinguished between
bodies satisfying the di†erent criteria. Similarly, the aster-
oids in the ordinary mean motion resonances are listed in
Tables and4 5.

We do not claim that the list of resonant asteroids identi-
Ðed by our method is in any regard complete. Even if we

TABLE 2

NUMBERED ASTEROIDS IN THE THREE-BODY MEAN MOTION RESONANCES :
RESONANCES WITH MORE THAN 10 IDENTIFIED MEMBERS

Resonance Members

5 [2 [2 (45 members) :
Criterion 1 . . . . . . 490, 511, 744, 818, 1072, 1209, 1546, 1633, 1701,

1731, 1761, 2039, 2142, 2164, 2184, 2211, 2250,
2492,2515, 2587, 2615, 2657, 2666, 2670, 2731,
2863, 3204, 3327, 3460, 3542, 4152, 4499, 4941,
5140, 5374

Criterion 2 . . . . . . 199, 316, 1073, 1330, 2517, 2918, 2986, 4385,
4592, 4759

6 2 [3 (17 members) :
Criterion 1 . . . . . . 5281
Criterion 2 . . . . . . 221, 339, 579, 742, 1105, 1234, 1353, 1364, 1533,

1737, 1984, 2309, 3194, 4041, 4058, 4958
3 [1 [1 (14 members) :

Criterion 1 . . . . . . 213, 485, 564, 578, 795, 947, 1427, 1642, 2042,
2465, 3534, 4106, 4426

Criterion 2 . . . . . . 560
8 [3 [3 (13 members) :

Criterion 1 . . . . . . 478, 639, 1654, 1844, 2263, 2413, 2573
Criterion 2 . . . . . . 450, 661, 1148, 3140, 3250, 4745

2 2 [1 (13 members) :
Criterion 1 . . . . . . 70, 258, 269, 839, 923, 1053, 2995, 3707, 4611
Criterion 2 . . . . . . 194, 2265, 3182, 3524

8 [4 [3 (13 members) :
Criterion 1 . . . . . . 10, 448, 468, 986, 3751, 4013, 5045, 5294
Criterion 2 . . . . . . 1487, 3507, 3866, 3922, 5204

6 1 [3 (12 members) :
Criterion 1 . . . . . . 936, 1125, 1247, 2016, 2293, 3683
Criterion 2 . . . . . . 152, 259, 928, 3847, 4412, 5082

TABLE 3

NUMBERED ASTEROIDS IN THE THREE-BODY MEAN MOTION RESONANCES :
RESONANCES WITH 10 OR FEWER IDENTIFIED MEMBERS

Resonance Nmema Members

7 [2 [3 . . . . . . 10 530, 835, 1109, 1371, 2127, 2582, 3025,
4208, 4741, 4814

6 [1 [2 . . . . . . 10 53, 1431, 1688,2292, 2660, 3426, 4349,
4602, 5147, 5199

3 [2 [1 . . . . . . 10 982, 2057, 2158, 2395, 2761, 3449, 3823,
4462, 5154, 5372

3 3 [2 . . . . . . 8 106, 555, 834, 1974, 2464, 3292, 4201, 4379
4 [4 [1 . . . . . . 8 22, 636, 1308, 2288, 2426, 2742, 4084, 5072
4 [1 [1 . . . . . . 7 443, 2175, 2440, 3370, 3739, 4246, 5313
5 5 [2 . . . . . . 7 728, 2112, 3807, 3824, 3986, 4563, 4984
2 3 [1 . . . . . . 6 1591, 2572, 2965, 3795, 4282, 5063
7 [4 [2 . . . . . . 6 166, 505, 789, 1132, 2474, 4175
9 [7 [3 . . . . . . 6 175, 381, 1838, 2414, 3278, 3859
7 [2 [2 . . . . . . 5 138, 1375, 1966, 3463, 3881
9 [5 [2 . . . . . . 5 2887, 3100, 3959, 3982, 4146
5 2 [2 . . . . . . 5 3742, 3861, 3904, 4612, 4639
4 [2 [1 . . . . . . 5 463, 3733, 4775, 5053, 5230
4 [3 [1 . . . . . . 4 792, 920, 1246, 3531
5 [1 [2 . . . . . . 4 494, 576, 952, 1319
8 [1 [3 . . . . . . 3 236, 417, 4182
4 6 [3 . . . . . . 3 882, 1519, 3230
13 [5 [4 . . . . . . 3 390, 771, 3662
5 [3 [3 . . . . . . 3 2563, 4098, 5337
3 1 [1 . . . . . . 2 1705, 3535
8 5 [3 . . . . . . 2 1083, 2422
7 [1 [2 . . . . . . 2 2733, 4817
7 [3 [2 . . . . . . 2 1430, 1658
5 1 [2 . . . . . . 2 64, 3874

a Number of identiÐed asteroids.

have probably succeeded in identifying most of the cases in
the 836-asteroid Ðle that can be associated with one of the
studied 32 three-body and 10 ordinary mean motion reso-
nances, there must be a large number of unidentiÐed cases
related to other mean motion resonances. Also, many pos-
sible candidates may have been lost in the reduction from
5400 to 836 asteroids based on the value of the fast Lyapu-
nov indicator. Moreover, the initial 5400 asteroids consti-
tute only one-sixth of all the cataloged asteroids at the
present time. Thus, if our identiÐcation process resulted in
Ðnding 255 asteroids in the three-body resonances, the real
number of the cataloged resonant asteroids should be (most
pessimistically) about 1500 and very probably on the order
of several thousand. Similarly, having identiÐed 63 asteroids
in the ordinary resonances, we estimate a lower limit of
D380 resonant members, which is probably exceeded by
several times because of the obvious incompleteness of our
identiÐcation method. Therefore, the important conclusion
of our search for resonant asteroids is that the expected
populations, especially in the case of three-body resonances,
are very numerous.

TABLE 4

NUMBERED ASTEROIDS IN THE ORDINARY MEAN MOTION RESONANCES :
RESONANCES WITH MORE THAN 10 IDENTIFIED MEMBERS

Resonance Members

13 :6 (17 members) :
Criterion 1 . . . . . . 86, 328, 784, 1331, 1520, 1958, 2352, 3234, 3420,

3499, 3504, 3878, 4176, 4301, 4609, 5043, 5070
7 :2 (11 members) :

Criterion 1 . . . . . . 822, 2171, 3212, 3359, 3520, 3989, 4692, 4951,
5085, 5319

Criterion 2 . . . . . . 2460
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TABLE 5

NUMBERED ASTEROIDS IN THE ORDINARY MEAN MOTION RESONANCES :
RESONANCES WITH 10 OR FEWER IDENTIFIED MEMBERS

Resonance Nmema Members

9 :4 . . . . . . . . 10 948, 1465, 1588, 1630, 3120, 3196, 4243, 4381,
4593, 5212

11 :4 . . . . . . . 6 476, 1759, 1927, 2944, 3921, 3965
8 :3 . . . . . . . . 4 868, 2913, 3587, 4701
11 :5 . . . . . . . 4 2630, 4049, 4439, 4915
16 :7 . . . . . . . 4 747, 949, 2183, 3329
10 :3 . . . . . . . 3 2762, 4336, 5236
7 :3 . . . . . . . . 2 677, 5324
12 :5 . . . . . . . 2 1092, 1670

a Number of identiÐed asteroids.

We have also performed an additional check on the pos-
sible inÑuence of the perturbations of inner planets as con-
cerns the identiÐcation of asteroids in resonances. From 10
asteroids previously identiÐed in di†erent three-body reso-
nances in the integrations with four outer planets, the orbits
of nine bodies had shown the same pattern of libration-
circulation alternation of the resonant angle also in the
integration with seven planets (without Mercury and
Pluto), which was performed using the SWIFT integrator

& Duncan In only one case was the asteroid(Levison 1994).
previously classiÐed as resonant with a librating resonant
angle found to be a little outside the resonance, with the
resonant angle slowly circulating.

In most of the chaotic asteroids appear to beFigure 5,
concentrated between 3.1 and 3.25 AU, so it may be inter-
esting to explore in detail the dynamics in this region.

shows the result of an extensive numerical simu-Figure 6
lation of many Ðctitious objects, still under the perturbations
of the solely four outer planets. The initial angles and incli-
nations of the bodies were Ðxed at zero ; the initial eccentric-
ity was set to 0.05 (bottom), 0.15 (middle), and 0.25 (top). The
initial semimajor axis of the particles ranged between 3.10
and 3.24 AU on a grid with 0.002 AU resolution. The inte-
gration span of 2 Myr allowed for the correct determination
of the maximum Lyapunov exponent (solid lines) above the
10~5.3 yr~1 threshold. The dotted lines denote the relative
change of the perihelion frequency over 1 Myr. The two
indicators are complementary ; the MLE tells us about the
degree of the chaoticity, and the relative change of peri-
helion frequency should be related to the speed of chaotic
di†usion. The scale of the y-axis is logarithmic.

As expected, one can see in that both ordinaryFigure 6
and three-body resonances generate chaos and enhance the
di†usion speed. We have identiÐed all the resonances that
are associated with an MLE of more than 10~4.5 yr~1) in
the middle panel. This required an additional short time
integration and a check on the behavior of the correspond-
ing resonant angles. The most important resonances at
e\ 0.15 are the 5 [2 [2 and the 7 [3 [2. Note that now,
with the considerations of the three-body resonances, all the
important generators of chaos seem to be identiÐed. The
di†erent panels of also clearly show how the reso-Figure 6
nances shrink at low eccentricity. At e\ 0.05, most of the
investigated region is quite regular (MLE\ 10~5.3 yr~1) ;
on the other hand, at e\ 0.25 the area is almost globally
chaotic and is characterized by relatively fast di†usion.

also provides an additional estimate of howFigure 6
incomplete our identiÐcation was. From all the resonances
seen at e\ 0.15, only seven were considered in the identiÐ-

FIG. 6.ÈSame as but for the region 3.1È3.23 AU at zero inclina-Fig. 4,
tion and at three di†erent initial eccentricities. In this region a large
number of chaotic asteroids are located.

cation process. Among the other resonances, there are
about six with the Lyapunov time shorter than 104.5 yr and
many more with the Lyapunov time shorter than 105 yr.

We have also performed a similar analysis for the entire
asteroid belt. Between the 4 :1 (D2.06 AU) and 2 :1 (D3.27
AU) resonances with Jupiter, we have found about 100
mean motion resonances with the outer planets (either ordi-
nary or three-body resonances) with Lyapunov times
shorter than 105 yr, the latter computed for eccentricity
equal to 0.1 and zero inclination. The total relative volume
in phase space Ðlled by these resonances increases with
eccentricity, and in some parts of the asteroid belt, reso-
nances may overlap and destroy all regular regions already
at moderate eccentricity, as can be seen in for theFigure 6
interval 3.1 AU\ a \ 3.22 AU and e\ 0.25.

The inner part of the asteroid belt (2.2 AU\ a \ 2.5 AU)
appears to be much more regular than the part shown in

the chaotic zones related to three-body or ordi-Figure 6 :
nary resonances are narrower and more separated, as one
could expect looking at the di†erent resonance density in

We can therefore conclude that the concentrationFigure 3.
of the chaotic asteroids beyond 3.1 AU indicated by Figure



No. 6, 1998 MIXED MEAN MOTION RESONANCES 3037

is a real feature and not an artifact introduced by the5
computation of the fast Lyapunov indicator. Hence, the
majority of chaotic asteroids is to be expected in the region
3.1 AU\ a \ 3.24 AU. However, this result changes if the
perturbations of the inner planets are taken into account. In
numerical simulations with seven planets, we have found
that other mean motion resonances become important, the
most numerous among them being the exterior resonances
with Mars (e.g., 1 :2, 4 :7, 5 :9, 7 :13, 9 :16).

5. CONCLUSION

It has been recently pointed out that some asteroids have
a very short Lyapunov time despite not being related to any
low-order secular resonance or mean motion resonance
with Jupiter. 490 Veritas may be considered the chief repre-
sentative of this class of asteroids of puzzling dynamical
nature.

In this paper we have given numerical evidence that the
behavior of these asteroids is due to the existence of a new
class of resonances, neglected until now. These are the reso-
nances among the mean motions of asteroid, Jupiter, and
Saturn, which we call three-body mean motion resonances.

We have shown that, at equal strength, the three-body
mean motion resonances are much more dense in the aster-
oid belt than the ordinary mean motion resonances with
Jupiter. This is due to the fact that three frequencies instead
of two are involved, so that the number of possible com-
binations is much larger.

The typical width of the three-body mean motion reso-
nances of low order ranges from 10~4 to several 10~3 AU.
The vast majority of the orbits in three-body resonances are
chaotic, because each three-body resonance is in fact a
multiplet of resonant components that strongly interact and
overlap. The typical Lyapunov time associated with the
low-order three-body resonances is of order 5 ] 103 to 105
yr. Frequency analysis has allowed us to show that the
secular frequencies have a relative change of 10~2 to 10~3
per million years, which indicates the possible existence of

important chaotic di†usion in both eccentricity and inclina-
tion. In the case of 490 Veritas, this is conÐrmed by the
long-term numerical integrations by & FarinellaMilani

The consideration of the three-body resonances,(1994).
together with the ordinary mean motion and secular reso-
nances, seems to be enough to understand the Ðne chaotic
structure of the asteroid belt (see Fig. 6).

Finally, we have identiÐed 255 numbered asteroids that
are presently in some three-body mean motion resonance.
Taking into account that numbered asteroids are about
one-sixth of the presently known population, we estimate
the total number of asteroids in three-body resonances to
be D1500. But of course, because of the incompleteness of
the asteroid catalogs and the incompleteness of our method
for the identiÐcation of resonant bodies, the real number
should be much larger. This is a very important change in
our understanding of the chaotic structure of the asteroid
belt and of its generating mechanisms. Of course, the mean
motion resonances with Jupiter with moderate order also
play a relevant role in the generation of chaos, but we
expect that they are of lesser importance for what concerns
the real asteroid population, because the number of bodies
associated with these resonances is smaller. The same is true
for the outer mean motion resonances with Mars in the
inner belt.

The fact that a large fraction of real main-belt asteroids is
chaotic may have important implications for our under-
standing of the origin of Mars-crossing asteroids and near-
Earth asteroids. Numerical simulations of the long-term
dynamical behavior of resonant bodies are in progress and
will be the subject of a forthcoming paper.

The authors would like to thank R. Gonczi, C. Froeschle� ,
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Poincare� Scholarship. We would like to devote this paper to
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origin of the Mars-crossing asteroids motivated our work.
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