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|l. Introduction

In a magnetized plasma, when dealing with phenomena involving frequency smaller or
. Z;eB
comparable to the ion cyclotron frequency {2; = ~:— and scales smaller or comparable to the

1

ion-inertial length d; = %, the dynamics can be described in the MHD approximation with the
(2

addition of the Hall term (ion inertia) in a generalized Ohm’s law: E = —%u X B+ %j X B
Remarks : n; ® ne = n, p & m;n, U X u;

ions and electrons move in a similar way (they separate at the scale d;).

one can also write E = —2u. x B

the magnetic field is frozen in the electron plasma: no reconnection possible.




Hall-MHD equations (in a non-dimensional form)
The state law is that of a polytropic gas p o< p™:

Op +V - (pu) =0

p(Ou+u-Vu) = —éVpW—I— (V Xb)xXb
8

1 1
8tb—V><(u><b)=—EV><(—(be)xb>
- p

(2
(. J/
v/

Hall term
V-b=0
ﬁ:é ch = 20 =1 R, =1L where di=-<=A4
4 A VAT po b dy T owpi &y

This MHD formalism is valid for a collisional plasma. It can also be used in the collisionless
case provided (3 is not too large (smaller than unity). Results of the fluid limit are usually valid
in the limit %j L B8 KL % The assumption of a scalar pressure is a further simplification
that can be questionable but which allows much simpler algebra.



One dimensional reduction

In a slab geometry, for oblique propagation, the MHD equations take the form

dp  d(pu,
Op  9(pua) _

ot Ox

OU, OU, 10 v b|?
pu e 100 B

ot ox pOx ~vM?2  2M?2

ou ou b, Ob
— Tt Us— = —
ot Ox  MZ2pO0x
ob 0 ou . R; O b, O
ot Ox Ox M,O0x p Ox

b)7

where :
x is the direction of propagation,
0 is the angle between Z and By,

V = 1w, T + uyy + u2 ; u = uy — 10Uy,



B=0b2+b,y+b.2;b=0b, —10b,,
sonic Mach number : My = Uy/cs,
Alfvénic Mach number M, = [cj—s,

b, = cos 6 is a constant and b,(t = 0) = sin 6,

Uy is a typical speed used to adimentionalize the plasma velocity,

2
B=15%

A
o= =+1.

In the dispersionless case three basic modes coexist: Alfvén and fast and slow magnetosonic
waves.



Linear MHD waves (no dispersion):
p=po+dop b = Bg + b u=0+4+u

Otdp + V - (pou) = 0
0:0b = V X (u X Bo)

B

opu = — w5, — B (V x 8b)
Po P0

V-5b=0

For perturbations o< e'**=“%) two types of waves

Alfvén waves : perturbations L plane (k, By)

1 w
u, = ———dob, ; EZCACOSQ :

VP

ca : Alfvén velocity ; cs : sound velocity

Magneto-sonic waves : perturbations in plane (k, By)

4 2, 2 2, 2 4 2 2
w' —k“(cy + c,)w” + kv, c, cos

largest solution : FAST WAVE ; smallest solution : SLOW WAVE

20 =0
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Figure 1: Polar diagram of the phase velocity w/k



Physical interpretation of the magneto-sonic waves when 8 < 1 :

e The fast wave is a transverse wave with perturbations along y-axis : magnetic sound wave.

e The slow wave corresponds to perturbations along the x-axis : 20n acoustic wave.

When (3 is not small it is not possible to separate the magnetic sound from the ionic sound.
Propagation quasi-parallel to the ambient magnetic field:

The phase velocity of the Afvén wave and that of the fast (8 < 1) or the slow (8 > 1)
magnetosonic wave identify : DEGENERACY : two modes are relevant in a small dispersion
reductive perturbative expansion
= equation for a complex field



I1. Alfvén waves in Hall-MHD

Exact solutions: monochromatic, circularly polarized, parallel-propagating
Alfvén waves

w
k
b, =p=1, wu, =0.

_0k2+k 1+< k )2
“ T 2R, 2R,

Choosing k > 0, 0 = =1 for right-hand or left-hand polarization respectively.
Alfvén waves are then dispersive.

(kx—wt
ez(m wt)

b, — oib, = ——(uy — ciu,) = B

For forward propagation,




Dispersion relation w(k) for parallel-propagating modes
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LH Alfvén waves identify with ion-cyclotron waves for w < €2;.

In the high-frequency (small-wavelength) limit, RH Alfvén waves identify with whistler
modes:

RH Alfvén Hall-MHD for k*d; > 1 — w ~ k*c*Qc/w,

~ whistler EMHD for k”d> < 1, where d. = ¢/wp.

In the non-dispersive limit (k/R; — 0) the two modes become a shear-Alfvén branch
(coinciding with a magnetosonic branch).

Hall-MHD extends MHD to frequencies €2 2, €2;, with still 2 < €2,.



Direct observations of quasi-monochromatic dispersive almost circularly-polarized AW in the
solar wind close to the Earth
(Spangler et al. JGR 93, 845 (1988)). ISEE 1 and 2.
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Figure 2: Time series of one magnetic field component (left) and plot of loci of the magnetic field

components by and b, on a time interval of 300 s. (right)

These MHD waves are excited by the reflected solar wind protons.



Instabilities = nonlinear effects :

— small scale formation = heating of the plasma

or
—> formation of solitary structures

In order to distinguish between the different possibilities it is useful to study separately
the finite wavelength perturbations and the long wavelength ones. In the latter case two
different situations lead to asymptotic reductions: the long-wave limit (dispersion comparable
to nonlinearity) and the situation of an amplitude modulation (finite dispersion, small amplitude
limit).



General dispersion relation:

Linearization of the primitive MHD equations about an Alfvén wave of wavenumber k£ and

amplitude by (not restricted to be small), yields the dispersion relation

2712

2K
(Q° — BKHALA_ = 02 (A C_+ ACY)

where

Ay = (w:tQ)2—(kiK)Q—%(wiQ)(kiK)2

Cy = —k(k+K)— %kz(w + Q)(k + K)

Q 2
(@b £ K) + (0 £ Q)(k £ K) — k" (k + K)).

(2

(1)

Following Wong and Goldstein (JGR 91, 5617 (1986)), the instability is said modulational
when it affects wave numbers K < k (not necessarily asymptotically small), and decay when

K > k.



Longitudinal dynamics of SMALL-AMPLITUDE waves

Pump wave : e'F#—«t)
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Figure 3: decay (a), modulational (b), long-wavelength modulational (c) instabilities (for RH polarized
pump 3 = 2.7).

(a) Decay instability (forward Alfvén wave —— forward sound wave + backward Alfvén
wave): unstable wavenumbers K > k.

(b) Modulation instability: unstable wavenumbers K < k.

(c) Long-wavelength modulational instability extends to K = 0.
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Flgu re 4: Longitudinal instability ranges for a small-amplitude right-hand (a) or left-hand (b) polarized

Alfvén wave (3 = cg, vg = Z_‘g Vpp = %)

Numerical resolution of the dispersion relation (1) for a carrier of small amplitude by =~ € By
shows that for right-hand polarization the instability is modulational for 3 > vf)h and of decay
type for B8 < vih, where v,;, = w/k is the phase velocity of the Alfvén wave. For left-hand
polarization, the wave is stable for 3 > vﬁh, while modulational and decay instabilities coexist

for B < vih (Fig. 4).

Note that, using Whitham formalism, one finds that waves are stabilized at large amplitude
(Mjglhus, JPP 16, 321 (1976)).



1. Nonlinear dynamics of long wavelength Alfvén waves

Long waves for which the dispersion is comparable to the nonlinearity are amenable to
a reductive perturbative expansion. In the context of Alfvén waves propagating along an
ambient magnetic field, due to the equality of the phase velocity of the Alfvén wave and of
the speed of sound in the zero-dispersion limit, the latter asymptotics does not lead to the
canonical Korteweg-de Vries equation but to the so-called “derivative nonlinear Schrodinger”
(DNLS) equation for the two components of the magnetic field transverse to the propagation
(Mjglhus, J. Plasma Physics 16, 321 (1976), Mio et al. J. Phys. Soc. Japan 41, 265 (1976), Kennel et al.
Phys. Fluids 31, 1949 (1988)). This approach concentrates on large-scale phenomena and neglects
counterpropagating waves.



Ill.a Derivation of the multi-dimensional DNLS equation

We define the stretched variables £ = e(x — t), n = 63/2y, ¢ = ¢3/22, and T = €2t and expand

p=1+ep1+epat+epg - (2)
ba; — 1 —|— bel —|_ €2baj2 —|_ 63b(l§'3 —|_ e (4)
u:el/Q(u1+eu2—|—e2U3—|—---) (5)
b=e/2(by 4 eby + 2bg + - - -). (6)

At order 63/2, we have
Oeu1 + O¢by = 0. (7)

Equation (7) implies that the fluctuating parts (denoted by tildes) satisfy

@i = —by. (8)

It is possible at this level to introduce mean (averaged over the £ variable) transverse fields which can be shown
to obey the reduced MHD equations. In the following, this coupling is ignored.



At order 62, we obtain
—8551 + 3€1~Lw1 + 877%1 + 8C’L~Lz1 =0
_85'6:61 + Opty1 + 8Cazl =0
|b1]”
2
8&-&1;1 + 8n5y1 + 8C8z1 = 0.

O¢(—Tg1 + Bp1 + ) =10
Using Eq. (8) we get

855331 + anByl + 6<8z1 =0
Defining 0 = O¢ + i0y, Eqgs. (9) then rewrite

a§<_p~1 + Ugp1 + 6acl) =0

(9)
(10)

(11)

(12)

(13)

(14)



At order 65/2, we obtain
3 . _ s . s i -
Orb1 — B¢ (bo + @in) + bp10chy + O (bl(uxl 4 bxl)) + —-Ogehy = 0. (15)
(]
Similarly, the equation for u leads to

Oriiy — O¢(fig + ba) + O (51(/51 — Ug1 — 5x1)>
o . - - 7 bal®
+(P1 = U1 = ba1)9ebr + 01 (Bp1 + o1 + ) =0 (16)
Here the overbar means average over the longitudinal variable. The solvability condition for egs. (15) and (16)

leads to
- P1 | - -7 Pl | - - -
Orb1 + O¢ <(—? + g1 + bxl)b1> + (=5 + a1 + bz1)0cby

1 s
=501 | Bo1F bar + | F

1

2R,

Oeeb1 = 0, (17)

which generalizes the usual DNLS equation by the presence of coupling to longitudinal mean fields. While, to
leading order, the fluctuating fields entering eq. (17) have been determined by the equations obtained at order
€2, the computation of the mean fields requires to push the expansion to order €. Defining 6 = p — by, we get

051 + 5 [(01 B (itar — 5))) + .c.] =0 (18)



and
Ortigr + 5 [~(01 (1ot + #p))) + e ] =0 (19)

Eliminating 61 and @1, by using egs. (11) and (14), using the divergenceless conditions for b in order to simplify
eq. (17), and dropping the subscripts, one finally gets

905+ O [ 25P + (g + ~by — ~8)D) — 20, P+ ——8eeb = 0

TP T g Hoe TP Ty 2T TR, 77 T

S

8£ba;—|—§<8Lb—|—c.c.> —0 (20)
970 =0 (21)

1/ -
Ortgy = 5 (8L<bP> + c.c.) (22)
Tk
Ay (1+B)b$+55+7 = 0. (23)

where P = 2(1—1_6)(283; + |62 — (|b]?)).
For localized waves (Mjglus & Wyller '86, '88):

1
81 (|6 + 2bs) +

O+b -
o 4(1 - p) 2R,

85((|b|2 + 2bm>b) — 8££b =0

_
4(1 - B)

1 * *
3gbx+§(8Lb+8Lb ):O



I1l.b Properties of the DNLS equation in 1D

In 1D the mean fields are identically zero and the equation reads

Hrb +

i 1 0.

which is integrable by inverse scattering (Kaup and Newell, J. Math. Physics, 19, 798 (1978)).

(i) Modulational stability of a circularly polarized wave
The DNLS equation also admits an exact solution in the form of circularly polarized Alfvén
waves b = bye "7 (kE—wT)

Linearization of the DNLS equation (24) about the above solution leads to the dispersion
relation

2 2 2 2 4
9 ok b§ k K 30kbg 3b;
0° — 2K + Q4+ - + + =0 25

(Ri 2(1 — ﬁ)) (Rg AR? ~ 4R;(1-08) 16(1 — 5)2) (25)

Equation (25) predicts a modulational instability for right-hand (left-hand) polarized waves
25 20
when 8 > 1 + b%ﬁz (respectively 5 < 1 — b%ﬁl

On the primitive MHD equations, in the case of right-hand polarization, only the decay instability is present

2
forB3<1. Forl<pB<1+

bAR; . ) bAR; . . .
%kl the wave is stable, while for 3 > 1 + %kz it is modulationally unstable. In



2
. : . A . baR;
the case of left-hand polarization, modulational and decay instabilities coexist for 3 < 1 — %kz, only the decay

2
. e baR; . ) . -
instability is present for 1 — %kz < B < 1 and the wave is stable for 3 > 1. The corresponding instability

growth rates are shown on Fig. 5 for various values of 3, together with the predictions of the DNLS models.
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Flgu re b: Instability growth rates (modulational and decay) for amplitude e /2 = 0.25,

k = ¢ = 0.0625 at various 3 for right-hand polarization (panels (a)-(c)) and left-hand polarization
(panel (d)), from the primitive MHD equations (solid line), the DNLS equation (24) (dashed line) and a
non-adiabatic DNLS model (dotted line).



(ii) Two-parameter solitons
They form in the nonlinear stage of the modulation instability of the circularly polarized solutions. Rescale £ so

that R; = 1. Mjglhus L found solitary wave packet solutions: b = a exp 40 with real amplitude a = a(xz — vt)

and phase 0. The local wavenumber k = 6, and frequency v = —0+ obey, in a simple case:
2 _ 4(v0 + ko)
(vo + 2k0)1/2 cosh [(z — vt — xg) /5] + Ko

-1 1/2

K = Iio—l—(3/4)a2 o = 2(/<o(2)—i—l/o)

v =uv9+ (3/4)a2 v = —2Kg

0.6

0.4+

0.2 +

—20 —10 o 10 20 30

Flgu re ©: Envelope (solid) and real part (dotted) of the above soliton for kg = 0.5, § = 1, vy = O.

1I\/Ij;élhus and Hada in, Nonlinear Waves in Space Plasmas, eds. T. Hada and H. Matsumoto, Terrapub,
Tokyo, 1997, p. 121



Perturbations

In the presence of a driver, the 1D DNLS equation can lead to chaos; RH soltions are more stable than LH
ones. (Buti and Nocera, 1999).

Higher order nonlinearities also destroy the coherent properties of the DNLS solitons.


file:///C:/Textes/papers/Trieste/Buti-fig8.html�

lll.c The TRIPLE POINT g =1
£ = 61/2(:1: —t),n=€y, ( =€z, T =¢€t,write § =1+ ael/? and expand

P=1+€1/201+602+63/2p3---

1/2 3/2
um:e/uml—i—eugg2—|—e/u;p3—l—---

bz, + €bzy + 63/2%3 + .-

u = 61/2(’11,1 + 61/2uz +eug + )

b=e2(by + /by + 2b3 + -+ ).
Coupling to a Burgers type equation for the magnetosonic wave (Hada Geophys. Res. Lett. 20, 2415 (1993)).
P1 = Uz, byy = 0. Dropping subscript index 1,

)
207b + ag(pb) — aLp -+ E@ggb =0

+1 b|?
Y p2—|—||

207p + (35(049 + 5 7

1 * *
y—§Qp+aw):o,

Webb, Brio & Zang, J. Plasma Phys. 54, 201 (1995); J. Phys. A 29, 5209.



© non canonic

The AW is compressive at dominant order if linearly polarized but can be almost
incompressible in the case of arc or “banana” polarization.

Nonlinearities vanish identically in the long-wave limit when the fields vary only along the
direction of propagation

— dynamics reduces to linear dispersion (the same as for KdV) (Mio, Ogino & Takeda J. Phys.
Soc. Japan 41, 2114 (1976)).

For nonlinear dynamics in one dimension, strong perturbations of the magnetic field
component transverse to the propagation are required (Kakutani & Ono J. Phys. Soc. Japan 26,
1305 (1969)): mKdV.

In several dimensions, non canonic equations. Nonlinearities disappear in the limit of zero
dispersion or for slowly varying perturbations in the transverse directions (Brodin J. Plasma
Phys. 55, 121 (1996); Gazol, Passot & Sulem J. Plasma Phys. 60, 95 (1998).



IV. Envelope dynamics

Heuristic interpretation :

e For LINEAR wave Be!**=“!) | the dispersion relation reads

(w—Q(k)) B=0 with B = constant

w and k are associated to derivatives acting on e’(F*=«%).

e With MODULATION and WEAK NONLINEARITIES:
B = B(X,Y,Z,T) where X,Y, Z T are slow variables.

The dispersion relation becomes :
(e ~ wave amplitude ~ inverse scale of the modulation)

{w+ iedr — Q(k — ie0x, eV 1, €2|B|2,\-\'/-/)}B =0
mean fields

Dispersion enables computation of the harmonics in terms of the carrier



e-expansion (amplitude and gradient expansion)

— Nonlinear Schrodinger equation :

/

(9
i (Or + v,0x)B +e(59aXXB +pALB) + e(q|BI*+--)B=0

\—\/—/
transport dispersion diffraction

(eliminated by a I

/
change of frame) —2 9rrB
202
g
Isotropic medium : p = %g—% — %g,%h:kex = 52, with v, = £ = group velocity

Formal procedure

Use of a MULTIPLE-SCALE expansion

O — Or + €0
O, — O, + €0x

0y — €Oy



0, — €0y

b= eb; + €’by + ...

e by = B(X,Y, Z, T)e'** =Y solves the linear problem

Loby =0

e Hierarchy of equations for higher order contributions:

Lob; = Fi_1 1> 2

Fi—1 given in terms of lower order harmonics.

Solvability conditions for 2 = 2 and 7 = 3

—>AMPLITUDE equation.




IV.a The governing equations in 1D

The envelope equations governing the slow modulation of an Alfvén wave with a small (but finite) amplitude
is obtained by a standard multiple-scale analysis (Champeaux, Passot & Sulem J. Plasma Physics 58, 665 (1997)).
Defining the slow variables X = ex and T" = €t and expanding

U:€U1+€2u2+63u3+---, b:eb1—|—62b2+63b3—|—---,
p=1+cpy+ep3+- -, ug = uy+ eug+---,
To leading order
Bpuy — Ogby = 0,  Oyby — Opug — z’}%@mbl — 0. (26)
The solution of Eq. (26) corresponds to a circularly polarized Alfvén wave by = —(w/k)vy = Blei(kx_m)

whose complex amplitude now depends on the slow variables.

Elimination of the secular oscillating terms in the equations at order €2 for the transverse fields leads to

orB1 + UgaxBl =0 (27)

3
which expresses that B is advected at the group velocity vy = W = W At order €, the solvability
w

condition of the equations for the transverse fields reads

. _ Vg _
i(Or B2 + vgOx B2) + DBy — k(tUgy — 702)31 =0 (28)



where we introduced the dispersion operator
2 2
2k k
Oxx + —0xr+ —50rT). (29)

w

w
B w2—|—k2(k2

17
From Eq. (27), DB = %-0 B1. Furthermore, overbars denote averaging over the fast variables.
5 UX X

Writing the equations obeyed by 4y, and pg, and defining B = Bj + €Bgy one gets, after dropping
overbars and subscripts,

1/

(07 + vg0x) B + e%@XXB — ek(u — %p)B —0 (30)

an —{— 8Xu =0 (31)
1

dru + dx(Bp + 5|B|*) = 0. (32)

In the long-wavelength limit kK — 0, this system reduces to that introduced by Ovenden et al. JGR 88, 6095
(1983).

In the frame moving at the Alfvén-wave group velocity the above system rewrites, in terms of the coordinate
§ = X — vgT and of the slower time 7 = €1" = €2t

1

i0rB + —0¢c B — h(u — —p)B = 0 (33)
€0rp + O¢(u — vgp) = 0 (34)

1
687u+8€(ﬁp—vgu—|—§|B|2) = 0. (35)



Neglecting the terms of order € in Eqgs. (34)—(35) make p and wu slaved to the magnetic field amplitude, in the
vg|B|?

2(v2—)
Alfvén wave envelope then obeys the nonlinear Schrodinger equation (NLS)

form u = vgp = , (up to a constant in the periodic case). The long-wavelength modulation of the

0.8+ 0,84 BI’B=0 (36)
7 — U.
T2 TR T (g -2

This adiabatic approximation clearly breaks down near the resonance 5 = vg, associated with the equality

between the group velocity of the Alfvén wave and the speed of sound. Near this resonance, Eqgs. (33)—(35) simplify
through an additional rescaling. Keeping unchanged the magnitude of the transverse velocity and magnetic field
and defining 61/2 —vg = e2/3 ), £ = 62/3(£U —vgt), T = /3¢, and Uy — UTQ(pM —1) = 64/3gb, one gets
the Hamiltonian system derived by Benney (Stud. Appl. Math. 56, 81 (1977)) in a general context

1/

) w
Z@TB + 7855B - kqu =0 (37)

1
Or¢ + A\0¢d = —_0¢|BI". (38)



IV.b Linear stability analysis

The NLS equation (36) admits a solution with a constant amplitude By and a phase that
is uniform in space and linear in time. At the level of the primitive equations, it corresponds
to a monochromatic Alfvén wave whose frequency is slightly shifted by the nonlinearity.
Linearization about this solution leads to the dispersion relation

kv,w”
K* — I __B’K?, (39)
4 4B —v2) "

which predicts a long-wavelength modulational instability for 8 > ’03 or 3 < fuz according to
the right-hand (w” > 0) or left-hand (w” < 0) carrier polarization.

NLS misses the modulational instability that occurs in the region of the plane (3, k)
between the two curves 8 = fus and 8 = vih. In this range of parameters, the unstable scales
are too small to be accurately captured by the NLS asymptotics. In contrast, the dispersion
relation for the envelope equations (30)—(32) predicts the persistence of the modulational
instability for 8 < ’03 (right-hand polarization) or 3 > vs (left-hand polarization). The
quantitative predictions for the range of unstable wave numbers and for the growth rates
become nevertheless poorly accurate when 3 approaches vf)h, due to the loss of scale separation
between the carrier and the unstable modes in this regime. The analysis can be refined by
pushing the expansion to the next order in the modulational analysis.



IV.c Nonlinear dynamics

Simulations of the primitive MHD equations for 8 = 4.0, much in excess of the value
B ~ 3.2 associated with the resonance v, = 51/2, show that in the nonlinear regime solitonic
structures for the envelope of the transverse fields are formed (Fig. [7) and display a recurrent
dynamics. Furthermore, as seen in Fig. 7, the density adiabatically follows the Alfvén wave
intensity b? = bz + bz. As shown in Fig. 8, this dynamics is reproduced by the envelope
equations (33)—(35)), for which the adiabatic approximation is also verified. and which thus
reduces to the NLS equation (from Champeaux et al. Nonlinear Proc. Geophys. 6, 169 (1999))

Near the resonance (3 = 3.2) the dynamics is still of modulational type but the density
no longer follow the variation of the magnetic field amplitude.
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Flgu re 7: Snapshots of the magnetic field by (left) and of the density p (corrected by a constant) (right)
from the primitive MHD equations with 3 = 4.0, for an initially weakly perturbed right-hand polarized
wave of amplitude ¢ = 0.1 and £ = 0.64.
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Flgu re 8: Comparison of the squared Alfvén wave intensity obtained from the primitive MHD equations
in the laboratory frame (top), and the envelope equations (33)—(35) in the Alfvén wave frame (bottom), for
B = 4.0, amplitude e = 0.1, k = 0.64 and right-hand polarization at comparable times (see text).



In the case B = 2.45, thus well beyond the resonance, the simulations of the MHD equations show that
the dynamically relevant scales are not clearly separated from the carrier wavelength (Fig. 9). The envelope
equations (33)—(35) can only provide a qualitative description of the dynamics, limited on a relatively short period
of time. Even far from the resonance vqy = 61/2, the adiabatic approximation does not hold and the MHD
equations rapidly develop strong nonlinear phenomena, leading to density shocks (Fig. 9, where the small-scale
oscillations are due to the Gibbs effect which develops in our non-dissipative code).
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Figure Q: Snapshots of the magnetic field by (top) and of the density p (bottom) obtained from
the primitive MHD equations, for 8 = 2.45, amplitude ¢ = 0.1, £k = 0.64 and right-hand polarization.

Shocks are showed on a magnified scale.



As already mentioned, if the carrying wave is left-hand polarized, modulational and decay instabilities always
coexist and the dynamics depends on the kind of instability that is prevalent. For a sufficiently small 3 the decay
dominates the long-wavelength modulational instability (see Fig. 6), and strong nonlinearities rapidly develop,
leading to small scales formation on the density field (Fig. 10, left). The modulational and decay growth rates
become comparable when 3 slightly exceeds ’Ug. In this regime, the modulational instability affects scales that are
not large enough to be accurately described by the envelope equations, and the corresponding evolution is seen in
Fig. 10 (right). For larger 3, the dynamics is governed by a modulational instability at scales comparable to that
of the carrier, and density shocks rapidly form.
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Figure 10: Snapshots of the magnetic field by (top) and, on a magnified scale, of the density p
(bottom) obtained from the primitive MHD equations with 8 = 0.21 (left) and 8 = 0.30 (right), for
amplitude € = 0.1, kK = 0.64 and left-hand polarization.



IV.d Envelope dynamics in 3D

To select circularly polarized Alfvén waves, scale the transverse fields wuy, uz, by, b, like € and the longitudinal
fields (p — 1, ug, by) like 2. Define § = D — by where = denotes averaging on the wave period.
Expend in powers of € ; Define X = ex, T = €t
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It is possible to take the limit K — 0 or R; — oo in the coefficients. Equivalent to a
modulation on DNLS equation.

Dispersion term :
%q(’)XXB for an IVP in time (ABSOLUTE MODULATION)

/
;—928TTB for IVP in space (CONVECTIVE MODULATION)
Yg

: : . 2 2
diffraction term : oA | B with o = %‘372 = %ng|k=kex
Y z
potential : V = —‘;—%_ — fﬂ—‘*’x_w — (%—“;Em
where w = k(et, + 2022) is the Doppler shifted frequency in the limit k — 0

v 1+€ep
ponderomotive forces : the term which appears subdominant rewrites (O + v,0.)|B|’

and become relevant for quasi-transverse perturbation (transverse) self-focusing or
filamentation.



The Hamiltonian character of the envelope equations prescribe the form of the ponderomotive force (Zakharov
Rubenchik '72)

/

ithe = —ivgthe — -2t — AL + (Y + o + A

2
pt = —polAd — |5
2 p 2

bt = —c"— — u|y|
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V. Self-focusing instability: filamentation

Whatever their polarization, monochromatic Alfvén waves are unstable relatively to transverse
modulation

o B> 7 =1 for small k |the instability is ABSOLUTE
I.e. develops in time.
possibly affected by kinetic effects (P. and Sulem 2003)
o B <% ~1forsmall k |the instability is CONVECTIVE

I.e. develops along the direction of propagation.



Nonlinear developments :

In the absolute regime: For a purely transverse modulation,

I T K’ >
p = by, um:_|B| , by = — |B|
v, 28 + 1)w?

Y

(up to additive numerical constants),
— 2d-NLS equation

i0;B + oA B + r|B|’B = 0

kw w? k3 1 k4 dw
“= 2(k2 + w2)(k3 - Bk2 — w2)’ " _kvg(v_g B 4(8 + 1)w4)’ YT Ak

Usual two-dimensional NLS equation, modulational instability can lead to SELF-FOCUSING

(or FILAMENTATION and WAVE-COLLAPSE : AMPLITUDE BLOW UP at localized foci.

Possible (transverse) WAVE COLLAPSE (blow-up of the NLS solution) =—


file:///C:/Textes/papers/Trieste/Movie/mov_A.gif�
file:///C:/Textes/papers/Trieste/Movie/mov_A.gif�

Mechanism leading to the filamentation process:

B
VATp

e the fluctuation of the Alfvén speed va4 = during the filamentation process is given by

b, 15p 48 + 3
PO L . ik MTT

= —— >0
By 2p0 4(B+1)

e for B not too small (3 > 1 in the long-wavelength limit), the wave amplitude grows where
the transverse Laplacian of the wave phase A ¢ > 0: %|B| = ¢*(B)ALo

va grows = the wavefront gets curved to have A ¢ > 0 = |B| grows = v grows ...

(b)

This mechanism needs compressibility but not dispersion in principle. Dispersion is nevertheless
essential to prevent longitudinal resonant coupling.



Such NLS solutions develop in such a way so as they invalidate the premises on which the
multiple-scale expansion is based: The asymptotic description breaks down as the singularity is
approached.

Near collapse, damping processes, not included in NLS,
come into play and dissipate the wave energy

* How does the system leave the asymptotic regime?

* Does the wave amplitude eventually saturate?

* Influence of phenomena arising at other scales and eliminated by the asymptotics.

* In particular, influence of the other instabilities that can compete with filamentation and

possibly prevent it.



V.a Filamentation of a LH plane polarized Alfvén wave; Hall-MHD simulations

LH polarized pump, amplitude By = 0.1, wavenumber k/R; = 1, 8 = 1.5 (no longitudinal
instability.)

Direct numerical simulations of 3D Hall MHD (Laveder, Passot & Sulem Phys. Plasmas 9, 293 (2002)).

In order to concentrate on the action of the transverse instability
(and prevent significant excitation of the oblique instabilities),

* only 4 pump wavelengths included in the computational box

* dynamics initiated by density disturbances on small Fourier modes.



0.08
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Figure 11: Amplitude of the transverse magnetic field intensity in a plane perpendicular to the
propagation at times t = 73.5, 74, 74.8, 75.7.

)

Maximum amplification of the transverse magnetic-field intensity = factor 10.



Nonlinear structures

(c) (d)

Figure 12: Isosurfaces (at 2/3 of the extremal values) of the transverse magnetic field intensity
b, |? = bz + bg (a), of the positive and negative density fluctuations p — pg (b), induced longitudinal
magnetic field by (c) and longitudinal velocity u, (d) at t = 73.7.



A regime of intense filamentation

LH polarized pump, amplitude By = 0.05, wavenumber % = 0.25

(wave period = 7.05)

Flgu re 13: lIsosurfaces of the transverse magnetic field intensity (inner tube) and of the positive and
negative density fluctuations (helices) at 2/3 of their extrema, at t = 620 (a) and 665 (b).

Local amplification of the wave intensity > 120 when 1283-resolution becomes insufficient.



Density gradients are maximal inside the magnetic filament.
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Flgu re 14: Transverse components (arrow) and longitudinal one (contours) of the magnetic field (a),
velocity (b) and vorticity (c) in a plane perpendicular to the propagation, at ¢ = 665. Panel (d) displays
contours of positive and negative density fluctuations superimposed on the grey levels of the transverse
magnetic field intensity. (Thick lines for positive contours, thin lines for negative ones and the dashed line

for the zero-contour).
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Comparison with amplitude-equation predictions

Mean fields:
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Figure 15: Plots of (p) — po (where pg is the unperturbed density) and (uz) versus (|b |?) at
t = 620 (a, ¢) and t = 665 (b,d). The directions of the straight lines are given by the envelope equations.



What happens at later time?

For moderate amplitude initial AW saturation of the filamentation process takes place.
Below a certain amplitude, preliminary results (Grauer et al. using AMR simulations) indicate
a possible finite-time singularity.



Oblique instabilities

Direct simulations:
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Flgu re 16: Spectral instability ranges of an Alfvén wave of amplitude 0.1 in various regimes: (a) RH
polarization with &k = 2 and 8 = 2.7; (b) details of (a) about the transverse unstable modes; (c) RH
polarization with k = 3.2 and 8 = 2.7; (d) LH polarization with k = 4 and 3 = 1.5.



Envelope equations:
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Flgu re 17: Spectral insgcability ranges provided }f)y the envelope equatioﬁs in the conditions of Figs. 8a,
8c and 8d (from left to right).

Spurious unstable oblique tails.



V.b Effect of quasi-transverse modes
Requires a large box in the longitudinal direction
Computational box including 16 pump wavelengths:

Parallel magnetic filaments first form but break at later times into a few segments oriented
along oblique directions.

Filamentation proceeds after breaking.

Flgu re 18: Magnetic filament before breaking (¢ = 520, upper panel) and after breaking (¢ = 600,

lower panel).

Transverse magnetic field intensity locally amplified by a factor 100 before 128°-resolution
becomes insufficient.



Computational box including 32 pump wavelengths:
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FIgU re 19: Isosurface of the transverse magnetic field intensity at 1/3 of the maximum at t = 480.

Oblique filaments are formed
Transverse magnetic field intensity locally amplified by a factor 12 when the
512 x 1282-resolution becomes insufficient.



V.c Three dimensional wave packet: non-monochromatic Alfvén beam
Is a non-monochromatic wave collapsing?

Simulation of the 3D amplitude equations (128°) (Laveder et al. Physica D 184, 237 (2003)):

Simulation of 3D amplitude equations from an initial Alfvén wave packet of amplitude
BO — 66_[21_5(x_57r)2+2-5(y—7r)2+(Z_W)Q].



Simulation of 3D Hall-MHD (1024x128x256)

Direct simulation of an Alfvén wave packet with an initial amplitude
o— 78525 (2—487)? +(y—107)?42.25(2—107)?]



V.d Large-amplitude Alfvén waves

Finite amplitude (circularly-polarized) Alfvén waves are exact solutions of the
Hall-MHD equations.

Linear instabilities:

* Transverse and oblique instabilities survive at large amplitude.
* Longitudinal instabilities disappear.

Nonlinear regime:

* Amplification of the transverse fields strongly reduced.

* Generation of strong gradients, especially for density and longitudinal fields. Formation of
oblique shocks in well-defined directions.



bo = 0.35, k/R; = 0.25 : formation of helicoidal magnetic filaments (of moderate intensity)
and Crossections of

-.-sf T o>’ ’

Larger amplitude (bp = 1, k = 1) : The helical structures are fragmented.

Larger dispersion (bg = 0.35, k = 4) : Significant acceleration of the dynamics. Less
structured flow.



Average on longitudinal scales comparable to or smaller than pump wavelength
—> quasi-two dimensional MHD flow, with a significant third component (2 1/2 D) . This
flow (driven by the pump-wave transverse instability) is nearly incompressible (Reduced MHD).

Flgu re 20: Intensity of the transverse magnetic field averaged on the longitudinal scales comparable to

or smaller than the pump wavelength.



VI. Retaining kinetic effects in a fluid description of long Alfvén waves

In natural and fusion plasmas, collisions usually negligible.
Description of the large-scale dynamics in terms of usual magnetohydrodynamics questionable.

In most situations, direct numerical integration of the Vlasov-Maxwell equations beyond the
capabilities of the present day computers.

This suggest development of a reduced description of the large-scale dynamics that retains
most of the aspects of a fluid description but includes realistic approximations of the pressure
tensor and wave-particle resonances.

Rogister (Phys. Fluids 14, 2733 (1971)): reductive perturbative expansion on the Vlasov-Maxwell
equations to isolate the dynamics of small-amplitude Alfvén waves with a typical length much
larger than the ion inertial length.

Here we revisit Rogister's approach and generalize it to address transverse phenomena,
such as the filamentation of a small-amplitude Alfvén wave train.



V.a Derivation of the KDNLS equation

Vlasov-Maxwell equations:
dr 1
atfr+UVfr+_(e+_v X b) 'vafrzo
My C
1
—8tb =—V Xe
C

4 1
V X b= —WZ qrnr/vfrdg’v-l-—ate
c c

V. .e= 47TZ qrnr/ fr,ndgv,
T

fr and n,. are the distribution function and the average number density of the particle species
r with charge g, and mass m,. The electric and magnetic fields are e and b respectively.

For an ambient field of strength B pointing in the x-direction,
£ = (z — At

77:€3y ) C:egz

4
T =€t



A is the Alfvén-wave propagation velocity (to be determined)

fo=F 4 e(fV +efy) +..0)
b= Bz + (b + e +..))
e = 6(6(0) +ee 4+ .. )),

Equilibrium velocity distribution function FT(O) is rotationally symmetric around the direction
of the ambient field and symmetric relatively to the parallel velocity component.

Z: unit vector in the direction of the ambient magnetic field.
' : . _ Q’I"BO
Cyclotron frequency of the particles of species r: §2, = =2

Velocity: v = (v, vi cos¢, vy sin¢)



Expand Vlasov equation:
Q0,5 =0
00,119 0
oy fit) ==t
Q94 f17) = (v) = N1 + =
gt = (o) = NI + @FL- VY + 2
gt = (v = NI + (@ VLY + 0,0 + 5V
Q0,17 = (v = NP + (7L - VD + 0,7 + 20
where

ng) = 2(e(s) + 1v X b(s)) : VUFﬁo)
c

T

+ Z 2(6(17) + lv % b(P)) . vvf7ECI),
ptg=s—1""7 ¢

the second term of the r.h.s. being absent when s = 0.



Solvability condition for fﬁg’):
_ (0)
(v = NI Fe) = (v — M Rr + sﬁg;” with 7L

Wave-particle resonance at V|| = A: LANDAU KINETIC EFFECT

=5 [ fﬁl)d¢ where S; is independent of v

F "
/8£f d’UH —/er’UH —|—P/ ’U” _)\ 81)” dU”ST_FWa—U”'UH:)\Hg{ST}

where H¢ is the Hilbert transform with respect to the longitudinal coordinate.

From Maxwell equations:

Local magnetic field:

b= (B te b|(|1) . e(b(f)—l—e2b(f)—|—---)> + O(e%)

oebV + v b =0
b(l) |b(0)|2
bl = Bo(1 + 2A) + O(e%) , A= 4 L

By 2Bg




Electric field:

where

A A 1 _
el = —€—T X b(f) + *(—=27 x b(f) + —x X O 1(%1)10)) + .-
c c c

1 J—
) = €' (b x 000 + L7 MBA) + -
CHo

qgnr ’1)3_ ,Ui vi
L=z Z moy 0 d(_) Gr ’ M = 27TZ CIT‘nr/O d(?)? Gr
G, = 1 ango) doy + 8F’r§0) | 2
n / ’U” —_ )\ 8/0” 'U” T 8,0” ’U||_>\ E
1 S (&'
He{S} = ;p/ 5,(_ )§d5/



One gets the dynamical equation

(0) sy B o 52 (0) —
IR
dispersion coefficient: § = 55-(A\? 4 3—% — 2L
P 20, (A 3G~ 2 )
Propagation velocity: A\ = [ﬁ(ﬁ\Bo\z + p(f) — p|(|0))]%.
p

_ B2 _ 1o~ ~
P=_0A+ @p” + N — M HA =50 Y
o~ .2 4
0

NG
Y = (VY)e + P, (-)¢ : averaging on the &-variable.
(b(f)>§ = 0 (not driven by the dynamics).
The mean values arise when solving equations of the form O¢v = 0.

In the case of LOCALIZED ALFVEN WAVE PULSE, all the functions decay
to zero as £ — £0o. The mean values (-)¢ are also zero and THE SYSTEM IS
CLOSED (Rogister 1971).



Such a “Kinetic Derivative Non-Linear Schrodinger” equation can be reproduced by
a long-wave reductive perturbative expansion performed on the Hall-MHD equations with
pressure fluctuations computed using the guiding center approximation (Mjglhus and Wyller, J.
Plasma Phys. 40, 299 (1988)).

Mean field contributions are to be computed when dealing with Alfvén wave
trains. Their role is essential for describing the phenomenon of Alfvén wave filamentation.

W = uf e + 550 + gl — e + o

((p)e — (0} e)

22p(0)
Or(u) e = PO (Po)e P = fﬁfl +p
" b( ) |b(0)|
! >g+—<A>g = Ii(r) A=t o2
where d B?
EH(T) = _2>\p(0)( (0))(A(N M L—l)aéA)5 n.¢

This constraint defines (bﬁl)}g in terms of the transverse magnetic field and of the mean
transverse pressure.



Transverse and parallel O(€®)-pressure perturbations (relatively to the local magnetic field):
Fluctuating parts:

) = @2pV + N = MPcThHA

~|(|1) (p(o) p A + 232 - o0 4)
D=0 Lo _pPciMmA

00 42 v2 V3
O =2« —Grd(—) — 9 d :
ET mrnr/O 5 Grd( 9 ) P T % qrnr/o Grd( 9 )

Equations for the mean pressures:

e (0 _
aT( S0 o e =

1
(piM)e (pD) 22 _
o, ”(0) -3 o) | = AW - MPLTaeA),
D P D
I ||
with 1)
(1) b
Eye = (-,



This leads to a CLOSED SYSTEM:
A0
2Ap<o>) 0

(0)
b L L
PO (U = e (VL : <P?O>g — <A7C35A>g> — (ARG A)¢ ¢

(0r + (U)edg) b + —<

VP40 (3 x b)) =0

agb’(|)—|—VJ_-b(f):O

2
— ( Bo —|—2p(0) + K)A

b|(|1) |(0)|2 50 1
withA_BO—l—QBg K=N—- M1
1 12 + 183, + 532 1 2+ 2

2461 — B 8(1+ 1) 2461 — B 8(1+81)

where B” = 87Tp|| )/BO and a similar definition in the perpendicular direction.



V.b Landau damping of circularly polarized Alfvén wave trains

In one dimension the KDNLS equation writes

Orb + a(b( + H)|b|2)+'582b 0
- —(0(x 10——=b =
¢ 7 92

When |b|2 Is constant, there is no Landau damping: the H term vanishes. However it is non zero in
presence of modulation, hence the misleading denomination of nonlinear Landau damping.

Two main points (Fla, Mjglhus and Wyller, Physica Scripta 40, 219 (1989)):
e Instability of the circularly polarized wave for all parameter values (even RH polarization, 8 < 1, although it is
weak in that case).
e For typical parameters instability of the RH case is suppressed for 5 > 1.

Also: along with damping, wavenumber decreases, a consequence of the conservation of helicity

2
K=& [T2m* [T bda' —b["  b*da')de = —27P [T2° %dk.

Numerical simulations show the formation of stationary S-type and arc-polarized directional and rotational
discontinuities (Medvedev et al. PRL 78, 4934 (1997)). Linear waves evolve to rotational discontinuities while
circular ones do not evolve, a phenomenon due to the fact that Landau damping is NOT restricted to small scales.



V.c Filamentation in collisionless plasmas

Derive an envelope equation from KDNLS with mean fields:

Define slow transverse variables Y = en and Z = ¢ and slow time T' = &%7;

Consider a circularly polarized quasi-monochromatic Alfvén wave train, slowly modulated in
the transverse directions:

") = eqp(Y, Z, T)e' "),

Up to a simple rescaling, the wave envelope obeys a nonlinear Schrodinger equation with
dissipation

O 4+ (x + )AL — @mw +ea((|])) = erlwol® = cal{|wol*))))y = 0
0

U2
withxzﬁ(l—i—ﬁL—l—%) and v =
Y|
Bg
47'rp(0).

Ky
4|k xp(0)

where K = Krp + KiH and vy =




P (KX —QT)

Dispersion relation for a monochromatic perturbation of a wave of amplitude ||

|70/
B;

K2 + y2K*.

0 =ivK?+ \/QXk)\cl

Instability for negative Y.

e When 7", = Iy for both ions and electrons with T}, = T,
No filamentation instability
e When 7', =T for both ions and electrons with T}, < T,

with 3 = mﬁiQ.

S X(% ~! reduces to " =

In this limit, filamentation occurs for 3 > 1 .



Effect of the ratio electron vs. ion temperature
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Figu re 21: Plots of x* (solid line) and v* (dashed line) as a function of B||p when all temperatures are
equal (a) and when T, = 8T}, (b).



Effect of electron temperature anisotropy
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Figure 22: Plots of x* (solid line) and v* (dashed line) as a function of Byp for T = 1.8T),
(a) and for 10% of H€2+ with TJ_p = 325T||p' TJ_a = 325T||a, TJ_e = 1.27T”e, T||e = 55T”p,

T||a = 5.5T||a (b). These parameters are typical of the solar wind; filamentation takes place as soon as

BHP exceeds a critical value B, = 0.315.



Variation of (3. as functions of electron temperature anisotropy and ratio of
electron to proton temperature
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Figure 23: Plot of the critical value 3¢ as a function of Tye/T)e for Ty p =Ty, T)je = T)p (a)
and as a function of T||6/T||p for T_]_p == T||p' T = 1°5T||e (b)



vil. A Landau-fluid model for dispersive MHD waves
From Vlasov-Maxwell equations, derive a hierarchy of moment equations for each particle species r:

density pr = myny f frdS’U

hydrodynamic velocity u, = ng [ v frd3v

pressure tensor Pr = myng [ (v — ur) ® (v — ur)frd?”u

heat flux tensor Qr = myny [(v —ur) ® (v — ur) ® (v — ur)frd3fu.

Otpr + V - (UT’PT’) =0

1 qr 1
at'u/fr' —|— Ur - VUT —I_ _v . Pfr’ - _(6 + —Ur X b) — O
Pr my ¢

q
OtPr +V - (urPr + Qr) = 2[Pr - Vuy + TbXPT]S
myc
[-]S is the symmetric part of the corresponding matrix.
: B
Large-scale dynamics: €, = %—Tg — 00:

Pressure tensor P, = P79 + Pﬁl) + ...

Gyrotropic pressure: Pﬁo) =p,,.(I— b ®Z) + p”rg ®Z

Gyrotropic heat flux:

0 T7T 7T > o~ ~ o~ o~
Qf;jlzz,r = q),bibjby 4+ a1, (8:5bp + Jixbj + 8;1b; — 3bibjby),



OpL +V - (urpi,y) +V-(bgi)+p1,V ur—pipb-Vur-b4q,V-b=0
8tp||7, + V. (urp”?n) + V- (b q”T) + 2p||rb -Vur -b—2q,,V-b=0

Heat fluxes in the long-wave asymptotics

When the plasma contains electrons and only one species of Z = 1 ions with bi-maxwellian
equilibrium distribution functions, operators £, M, N are expressed in terms of the plasma
response function

2
— _ 1 Ce_C /2 ™ —02/2
Wr = W(cr) = \/%P/ s d¢ + \/Ecre He,

where cr = X/vgp, - and vy, . = \/T”(S)/mT.

One has 1) 1)
UG erlcz =3+W,H 1w
0) 2 —1 0

th,rpﬁr) c;g — 14+ W, Tﬁr)

(1) (0) (1) (0)

—q‘]‘r — —T‘LT CTWT TJ‘T o ——TJ_T CTWTA
(0) (0) (0) (0) (0)
Vth,rP | , T||7~ 1 — Ty W, TJ_’I“ T||7“



In the nearly isothermal limit (¢, < 1), Wy =~ 1 — c% + \/écﬂig.

1 K} 1 1
CII(IT’) = _\/%Uth,r”(O)HéTl?r) and q) < 1.

In the adiabatic limit (¢, > 1), Wy & —1/c2 — 3/c.
Heat fluxes are negligible.



Towards a Landau fluid closure

Extension to more general situations:

e c, replaced by —,U”ll 8758;1.
,r

e equations for the heat fluxes replaced by

NEy (D)
I Fiet g1y
(0) LA t% )7 (0)
Uty S
(1) (1)
1T .
e Fl 0 ) 4 F (———a67 A
© . (0) o
,UthaT'pJ_r ’ 1r ’

with homographic approximants
FI(X) = (g + ) XH) " (g X + qjH)
FI(X) = (q] + a1 XH) (a1 X + 41 H)
FLX) = (g1 + a1 XH) (a1 X + gl H).

The coefficients qﬁ and qi are chosen in a way that ensures the correct asymptotic behavior of the heat
fluxes in both isothermal (¢, < 1) and adiabatic (¢, > 1) limits.



The Landau-fluid model

For a plasma of electrons and one ion species with Z = 1, velocity u = u; = wue and density
P = Z'r'pr - anmT’ Obey

Otp +V - (up) =0

p(@tu—i—u-Vu)—i—V-(P(O)—FH)—%(V><b)Xb:0.
r

with P(0) = Yo Pﬁo) and finite Lamor radius corrections

D
)
Iy =0
20,
1
Hyp = gy = _ﬁ[pj_i(amuy - 8yuﬂc) — 2p||iaxuy]
)
1

Hwy = Hy;v = E[pLz(azcuz — azua:) - 2p||z'a:cuz]-

1

Parallel and perpendicular gyrotropic pressures governed by
8tp||r + V- (up”T + bq||r) + 2p||7, b-Vu -b— 2q_]_rv b= 0,

Op1r+ V- (upi,+bq1,)+pi,V u—pi,b-Vu-b+q,V-b=0.



Induction equation with Hall-effect and electron pressure

m;

Oth — V X (u X b) =—

q;

1 1
°V x [—(V x b) x b — -V - P{O)].
dmp p

Heat flux closures

d Uth,r d||r 1 T||r

(+—F—— HV ) = Vihr Vo)
dt (0) _ 3x thr Ul (0)
/& - 3m) vinyp)t P TS I

— (0)

d 7T q1 T ]
(= =\ 5Vth e AV ) —5 = = V|| (=757 + ( LOT —1)—),
a2 O o T T Vg,

th,rD | 1r ||

with P|r = ’I’LT”T and p |, = nT"|,.



Landau-fluid description of long dispersive Alfvén waves

The long wave reductive perturbative expansion performed on the Landau-fluid model
reproduces the KDNLS equations derived from Vlasov-Maxwell up to the replacement in
the transverse pressure fluctuations of IC = N — ML~ by % — M3L," where the
subscripts in the operators correspond to the replacement of the plasma response function WV
by the corresponding two- or four-pole approximants.



Flgu re 24: Contributions pR (left column) and pI (right column) to the perpendicular pressure 0y

VErsus B_1/2, where 5 = T||e/(mz>‘2)' for T”e = T”’L = TJ_G = TJ_’L (a and b), for T||€ = 8T||'L and TJ_G = T||€’
Ty;="T); (cd)andfor T| o =T), =T); and T ; = 3T|; (e, f). The solid line refers to the exact (long wave)

kinetic calculation and the dashed line to the Landau-fluid closure.



An extended Hall Landau-fluid model has also been built that reproduces the
dynamics of long obliquely propagating waves.

® For magnetosonic waves, the Landau damping rate (assuming %; L B K %) is

— |7 [mesin®a (w? — Bcos? a)? + B?cos’ a

mp cos o (2w? — B — 1)(w? — B cos? o)

an expression identical to that found in Akhiezer (Vol. 1). The long-wave equation is
KdV+damping term.

e For Alfvén waves at finite angle of propagation , finite Larmor radius corrections
of order 1/Q2 have to be added. The governing equation is linear and reads, assuming

me << I6] << (adlabatlc protons and isothermal electrons) and 8 < 1

by ’UA cos o Me by
aTB + 292 v \/ﬁ\/ \/ cos’ o tan” a—|— )H]@gggB =0,

e For Kinetic Alfvén waves (cos® 0 < f3),

b v3 3T(O) m b,
0. -2 + A cosff — ‘“H)6
BT 202 cos 0| — 3 70 \/ fcg =



VIIl. Conclusion

Collisionless dissipation (Landau damping) of dispersive MHD waves can be described using a
fluid model.

The model thus reproduces the correct dispersion relation for MHD waves for any value of the
(3 parameter and for any angle of propagation, provided the wavelength is large compared to
the ion inertial length.

Secondary instabilities as well as the resulting nonlinear dynamics are also captured.

For example small-amplitude oblique Alfvén waves obey a linear dynamics while parallel Alfvén
waves are governed by the KDNLS equation.

In particular, Alfvén wave filamentation occurs for 3),, > 3. where 3. is of order unity as soon
as T'\ . > Tj. and/or Tj. > Tj,. The value 3. can become small when T'; . > Tj. increases.



Perspectives

e Simulation of dispersive Alfvén wave turbulence:

* Generation of KAW at small scales: importance of higher-order FLR corrections that
are to be described in a computationally manageable way.

* Self-consistent computation of turbulent dissipation

* Possible emergence of coherent structures
® Treat electrons as a Landau fluid in hybrid simulations.
e Explore the possible description of nonlinear Landau damping (see Prakash and Diamond, Nonlinear
Proc. Geophys. 6, 161 (1999)).
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